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Problems 7 (April 28, 2020):
the character table of S3

7.1. Give names to all the elements of S3: the advised ones are {1, a, b} for the even
permutations, some others for the odd ones.

7.2. Compose Cayley table of S3. Let the even permutations occupy the upper
left corner.

7.3. Consider the action of S3 on itself by conjugations: g 7→
(
x 7→ gxg−1

)
. Study

the orbits of this action (called conjugacy classes) and characterize their elements
by some properties � e.g., in terms of the �xed points.

7.4. Consider the permutation representation ρ of S3 de�ned by its standard action
of the set {1, 2, 3}. Write down the matrix representations of ρ(g) of all the elements

g ∈ S3 in terms of the natural basis in C{1,2,3}. Is this representation irreducible?
Hint. Consider the subspace of constants ⊂ C{1,2,3}.

7.5. Consider the zero-sum subspace ⊂ C{1,2,3}:

ZerSum := {φ ∈ C{1,2,3} |
( ∑

x∈{1,2,3}

φ(x)

)
= 0}.

Is it a subrepresentation of ρ? If yes, denote it ρ2, choose sum basis in ZerSum and
write down the matrix representations of ρ2(g) of all the elements g ∈ S3 in terms
of this basis. List the traces of these matrices.

7.6. Consider the 1-dimensional alternating representation

ρ1 : S3 −→ C× : g 7→ sgn(g).

List the traces.

7.6. Collecting the results of the problems 7.3, 7.5 and 7.6, compare the traces
of conjugated elements (belonging to the same conjugacy class). Having found the
obvious rule, formulate and explain it. Choose a representative in each conjugacy
class of S3.

7.8. Taking into account the trivial representation 1S3
, create the character table

of S3, associating a line to each representation 1S3
, ρ1 and ρ3 and a column to each

representative chosen in 7.6.
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