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Problem 9.1. Consider the set D of differential operators of the form α(x) d
dx
, α(x) ∈ C∞(R),

where α(x) d
dx

: C∞(R)→ C∞(R) is defined by

((α(x)
d

dx
)(f))(x) = α(x)f ′(x)

The set D is a Lie algebra with respect to the operation of standard commutator. Show that

span〈 d
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, x

d

dx
, x2

d

dx
〉

is a Lie subalgebra of D. Prove that this subalgebra is isomorphic to sl2(R).

Suppose g is a Lie algebra over a field F . A representation of a Lie algebra g over the field F
is a linear mapping

φ : g→ gl(F n)

such that
φ([X, Y ]) = φ(X)φ(Y )− φ(Y )φ(X), ∀X, Y ∈ g.

Problem 9.2. Suppose g is a Lie algebra. Define the map adg : g → gl(g) by the formula
(adg(x))(y) := [x, y]. Show that adg is a representation of the Lie algebra g.

Problem 9.3. Is the standard representation of sln(C) in the vector space Cn irreducible ?

Problem 9.4. Is the adjoint representation of gln(C) in the vector space gln(C) irreducible ?

Let V be the complex vector space of polynomials P (x, y) in variables x and y. Define the map
T : SL2(C)→ GL(V ) by((

T

(
a b
c d

))
P

)
(x, y) := P (ax+ cy, bx+ dy).

Problem 9.5∗. Let Vn ⊂ V be the subspace of homogeneous polynomials of degree n. Consider
the representation dT of the Lie algebra sl2(C) in the vector space Vn. Show that it is irreducible.

Problem 9.6∗. Is the adjoint representation of sln(C) irreducible ?
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