
MIM, Calculus on Manifolds. Problem set 1.

Curves, surfaces and k-dimensional surfaces. 11.02.2021.

Problem 1. Show that the map γ : (0, 1) −→ R
2,

γ(t) = (t, t2),

is a regular smooth curve of class C∞.

Problem 2. Consider the cylinder

x2 + y2 = 1.

Parametrize it in such a way that it becomes a regular two-dimensional smooth
parametrized surface. Is it possible to find locally z as a function of x and y on this
cylinder? Is it possible to find locally x as a function of y and z on this cylinder?

Problem 3. Prove that the standard sphere S
n
⊂ R

n+1 of radius R centered
at the origin is a regular smooth implicit surface in the affine space. Find the
dimension of this sphere. How can one introduce local coordinates?

Problem 4. Prove that SO(3) is a regular smooth implicit surface in the space
of real 3× 3 matrices. Find the dimension of SO(3).

Problem 5∗. Describe a set of all lists of pairwise orthogonal k unit vectors
in R

n as an implicit surface in the space of real k × n matrices. Is this surface a
regular smooth surface? Find its dimension. This surface is called a Stiefel variety
Vk(R

n). What can we say about V1(R
n) and Vn(R

n)?

Homework

Problem 1. Show that the map γ : (0, 3π
2
) −→ R

2, where

γ(t) = (cos t, sin t),

is a regular curve of class C∞. Find points such that it is possible in to find y as a
function of x and x as a function of y in some neighbourhood of these points.

Problem 2. Parametrize the (open) north hemisphere of S2 in a smooth regular
way.

Problem 3. Let A be a domain in R
k and f : A −→ R be of class Cq. Show

that the graph of f is a regular k-dimensional surface of class Cq in R
k+1.

Problem 4. Prove that SL(n,R) is a regular smooth implicit hypersurface
in the space of n × n matrices. How can one introduce local coordinates in a
neighbourhood of the identity matrix?

Problem 5. Describe a torus of revolution as an implicit surface F (x, y, z) = 0
in R

3. Is this surface a regular smooth surface?


