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Differential Geometry Problem Set I
14.02.2020

1. Find the expression for the basic vector fields ∂
∂x and ∂

∂y , and the basic differential 1-forms
dx, dy in the polar coordinates on the plane.

2. Draw the phase portrait and find the phase flow for the following vector fields on the plane

(a) ∂
∂x ;

(b) x ∂
∂x + y ∂

∂y ;

(c) x ∂
∂y − y

∂
∂y ;

(d) x ∂
∂y − y

∂
∂x ;

(e) x ∂
∂y + y ∂

∂x .

3. Let N and E be the unit length vector fields on the sphere directed to the North and
to the East, respectively. Compare the commutator of their flows with the flow of their
commutator.

4. Check that the distribution defined by the following 1-form α is integrable. Find a func-
tion f such that df = g α, g 6= 0.
(a) α = z dx+ z dy + 2(1− x− y) dz;
(b) α = 2 y z dx+ 2x z dy + (1− xy) dz.

5. Find the coordinate expression for the commutator of the vector fields A =
∑
ai∂xi and

B =
∑
bi∂xi in Rn.

6. The coordinateless definition of the differential of a 1-form is

du(A,B) = ∂A(u(B))− ∂B(u(A))− u([A,B]).

Check that the expression on the right-hand side is bilinear with respect to the multiplica-
tion of the fields A and B by functions.

Differential Geometry Problem Set II
21.02.2020

Parametrization of a plane curve τ 7→ γ(τ) ∈ R2 is called natural if |γ̇| ≡ 1. The curvature
is computed as k = |γ̈| for a natural parametrization.

1. Compute the curvature of the following curves:
(a) y = x2;

(b)
x2

a2
+
y2

b2
= 1.

2. Find a formula for the curvature in arbitrary parametrization.

3. Compute and draw the caustic (evolute, focal set) of the curves in Problem 1.

4. The distance-square function Sq is defined by Sq(t) = |q − γ(t)|2 where γ : R → R2 is a
plane curve and q ∈ R2 is considered as a parameter. Prove:



S′q = 0 ⇔ q is on the normal to the curve;
S′q = S′′q = 0 ⇔ q is a center of curvature (belongs to the evolute);
S′q = S′′q = S′′′q = 0 ⇔ it is a singular point of the evolute (corresponding to an extremal
point of the curvature).

By the previous problem the evolute is the discriminant (the locus of parameter values for
which the function has a degenerate critical point) of the family S.

5. Compute (and draw) the discriminant of the following family of polynomials:

fa,b(x) = x4 + ax2 + b x.

The evolute can also be identified as the locus of critical values of the map C × R → R2

sending (x, t) to x + t nx where x ∈ C is a point of the curve and nx is the normal unit
vector at x.

6. Compute (and draw) the critical points and the critical values of the pleat map:(
x
y

)
7→
(
x3 + xy

y

)

Differential Geometry Problem Set II’
28.02.2020

1. Find a formula for the curvature and the torsion of a space curve in arbitrary parametriza-
tion.

2. Compute the curvature and the torsion for the following curves:
(a) (t, t2, t3);
(b) (a cos t, a sin t, b t);
(d) 3x2 + 15y2 = 1; z = xy.

Differential Geometry Problem Set III
28.02.2020

Consider a surface in the Euclidean space R3 given by its parametrization r(v1, v2) =(
x(v1, v2), y(v1, v2), z(v1, v2)

)
. Its basic tangent vectors and the unit normal vector are

r1 =
∂r

∂v1
, r2 =

∂r

∂v2
, n =

r1 × r2
|r1 × r2|

.

The coefficients of the Riemannian metric g = g11 dv
2
1 + 2g12 dv1dv2 + g22 dv

2
2 are the

pairwise scalar products of the basic tangent vectors,

gij = (ri, rj).

Alternatively, the metric can be obtained by expanding the expression

g = dx2 + dy2 + dz2,

where dx, dy, and dz are replaced by the total differentials of the corresponding coordinate
functions. The Riemannian metric is sometimes referred to as the first quadratic form.
The area form is

σ =
√

det(g) dv1 ∧ dv2.



Its integral computes the areas of domains on the surface.
The coefficients of the second quadratic form h = h11 dv

2
1 + 2h12 dv1dv2 + h22 dv

2
2 are

determined by differentiating the basic tangent vectors rij = ∂ri
∂vj

=
∂rj
∂vi

= ∂2r
∂vi∂vj

,

hij = (rij , n).

Alternatively, they can be computed by differentiating the coordinates of the normal vector,

hij = −
(
ri,

∂n

∂vj

)
.

The principal curvatures λ1, λ2 are the roots of the characteristic equation det(h−λ g) =
0. The principal directions are the corresponding eigenvectors. They are orthogonal to
one another. The Gaussian curvature is

K = λ1λ2 =
deth

det g
.

According to the Gauss’s Theorema Egregium, the Gaussian curvature can be deter-
mined by the coefficients of the Riemannian metric only.

1. Compute the Euclidean metric dx2 + dy2 and the area form dx ∧ dy on the plane in the
polar coordinates.

2. Compute the first, the second quadratic forms and the area 2-form of the surface given as
the graph z = f(x, y) of a smooth function.

3. Compute the first, the second quadratic forms, the principal curvatures, and the Gaussian
curvature for the following surfaces
(a) the sphere x2 + y2 + z2 = R2 in spherical coordinates;
(b) the paraboloid y = a

2

(
x2 + y2

)
;

(c) the torus obtained by rotation of a circle of radius r around the axis on the distance R
from the center of the circle.

4. Consider the following family of surfaces with local coordinates u, v and depending on the
parameter θ: 

x = cos θ sinh v sinu+ sin θ cosh v cosu,

y = − cos θ sinh v cosu+ sin θ cosh v sinu,

z = u cos θ + v sin θ.

Here θ = 0 or π corresponds to a helicoid, and θ = ±π
2 corresponds to a catenoid. Prove

that this family of surfaces is isometric (that is, the metric is independent of θ). Compute
the Gaussian curvature.

Differential Geometry Problem Set IV
06.03.2020

Here is of the ways to compute the curvature of a metric on a surface. Orthonormalizing
the metric, represent it in the form

g = u21 + u22,

where u1 and u2 are 1-forms. Then the area form is given by

σ = u1 ∧ u2.



Define the connection 1-form α = α1u1 +α2u2 whose coefficients α1 and α2 are determined
by the relations

du1 = α1 σ, du2 = α2 σ,

Then the curvature K of the metric is determined from the relation

dα = −K σ.

Theorem. 1. The curvature of a metric is independent of a choice of the basis u1, u2 of
1-forms used in its computation.
2. If the metric is the first quadratic form of a surface in the Euclidean 3-space then its
curvature coincides with the Gaussian curvature.

1. For the surfaces of Problems 3 and 4 of the previous Problem Set
(a) compute the curvature of the metric and compare with the Gaussian curvature.
(b) In the case of the sphere and the torus compute the total area and the total integral of
the curvature form K σ.

2. Determine the curvatures for the metrics below.
(a) dx2 + sin2 x dy2;
(b) dx2 + sinh2 x dy2;
(c) dx2 + x2 dy2;

(d)
4 (dx2 + dy2)

(1 + k(x2 + y2))2
;

(e) conformal metric of the form g(x, y) (dx2 + dy2), where g(x, y) > 0 is a function;
(f) g = dx2 + 2 cosω dx dy + dy2, where ω = ω(x, y) is some function.

A family of tangent vectors v(t) to a surface along a curve γ(t) is called parallel if dv
dt is

orthogonal to the surface for all t. The parallel transport defines a linear transformation
from the tangent space to the surface at the initial point of the curve to the tangent plane
at its final point. The parallel transport

� is independent of the parametrization of the curve;

� but it does depend on a choice of a curve connecting two points.

� The parallel transport preserves lengths and angles. In other words, it is an orthogonal
transformation.

� The parallel transport is determined by the intrinsic geometry of the surface. In
particular, for flat surfaces (whose metric is isomorphic to the Euclidean one) it
coincides with the usual parallel transport on the plane.

� If two surfaces are tangent to one another along a curve then the parallel transport
along this curve on both surfaces coincides.

A flat surface tangent to a given one along a curve is called its developable.

3. Compute the parallel transport on the sphere along a parallel with the altitude φ
(a) from the definition, solving the corresponding differential equation;
(b) from the geometry of the developable.

The condition on a parallel family is equivalent to the equality

∇γ̇v(t) = 0



where∇ is the covariant derivative defined as the composition of the componentwise deriva-
tive of the tangent vector field considered as the R3-valued function and the orthogonal
projection to the tangent plane.

Theorem. The covariant derivative is uniquely determined by the metric: in an orthonor-
mal basis e1, e2 of tangent vector fields it is given by the equations{

∇ξe1 = α(ξ) e2,

∇ξe2 = −α(ξ) e1,

where α is the connection form computed in the dual basis u1, u2 of 1-forms.

4. Prove the theorem by considering the commutator [e1, e2] = ∇e1e2 − ∇e2e1 of the basic
fields.

Differential Geometry Problem Set V
13.03.2020

The pseudosphere or the Lobachevsky plane is the upper sheet of the hyperboloid
z2−x2−y2 = 1 equipped by the metric obtained by the restriction of the form dx2+dy2−dz2.

1. Prove that the induced quadratic form on the pseudosphere is positive definite, i.e. it is
indeed a Riemannian metric.

2. Find the expression for the metric on the pseudosphere
(a) in the pseudospherical coordinates

x = cosφ sinhψ

y = sinφ sinhψ

z = coshψ

0 6 φ 6 2π, 0 6 ψ <∞

(b) in the Cartesian coordinates (x, y) on the plane z = 1 after the stereographic projection
from the origin (Klein model).

(c) in the Cartesian coordinates (x, y) on the plane z = 0 after the stereographic projection
from the point (0, 0,−1) (Poincaré model).

3. Compute the curvature of the pseudosphere.

A Riemannian metric on a surface is called Euclidean, if it has the form dx2 +dy2 for some
local coordinate system (x, y) on that surface.

Theorem. The metric on a surface is Euclidean if and only if its curvature is identically
zero.
Euclidean coordinates can be found from relations

dx = cosψ u1 + sinψ u2, dy = − sinψ u1 + cosψ u2,

where ψ is the function satisfying dψ = −α and where u1, u2, and α are the 1-forms used
in the computation of the curvature of a metric.

4. Prove that the following metrics are Euclidean. Find a Euclidean coordinate system for
these metrics.
(a) dx2 + x2 dy2;
(b) The first quadratic form on the quadratic cone z2 = x2 + y2 at its smooth points;
(c) g = dx2 + 2 cos(x+ y) dx dy + dy2.



Differential Geometry Problem Set VI
20.03.2020

There are two versions of the Gauss-Bonnet theorem, a local and a global one.

Theorem. The parallel transport along the boundary of a domain on a Riemann surface is
the rotation to the angle equal to the integral of the Gaussian curvature over this domain,

∆ψ =

∫
U
Kσ.

Theorem. The total integral of the Gaussian curvature over a closed surface M is a
topological invariant of the surface and is equal to

1

2π

∫
M
Kσ = χ(M) = 2− 2g.

1. Compute the parallel transport on the sphere along a parallel with the altitude φ applying
the Gauss-Bonnet theorem and compare the result with the computations of the Problem 3
of the previous Problem Set.

The Gauss map G : C → S2 from a surface C ⊂ R3 to the unit sphere S2 takes a point
on a surface to its unit normal vector. Consider its derivative G∗ : TpC → TG(p)S

2. The
source and the target planes of this linear map can be identified since both are orthogonal
to the normal vector at the point p. This operator taken with the negative sign is called
also the shape operator, S = −G∗.

2. Prove the equality h(ξ, η) = (S(ξ), η) for any pair of tangent vectors ξ, η.

3. Prove that the shape operator is self-conjugate and the eigenvalues and the eigenvectors of
the shape operator coincide with the principal curvatures of the surface and the principle
directions, respectively. In particular, the Gaussian curvature K = λ1λ2 is equal to the
determinant of the shape operator (which is the same as the Jacobian of the Gauss map).

The last assertion can be rewritten in the form of the following relation:

K σ = G∗Σ,

where σ and Σ are the area 2-forms on the surface and the sphere, respectively.

4. Prove that the parallel transport along a curve on a surface is the same as the parallel
transport along the image of this curve on the sphere. Show that this assertion implies
that the local Gauss-Bonnet formula for a surface is equivalent to similar formula for the
unit sphere.

5. Compute the degree of the Gauss map (at least for your favorite embedding of a sur-
face of genus g to the three-space) and check the (global) Gauss-Bonnet formula for this
embedding.



MIM
Differential Geometry

03.04.2020
Midterm Exam problems

1. For the Enneper’s surface

(u− u3

3
+ u v2, v − v3

3
+ v u2, u2 − v2)

compute the first and the second quadratic forms g and h, the principal curvatures k1
and k2, the Gaussian curvature k1k2 and the mean curvature 1

2(k1 + k2).

Compute the curvature of the metric on the surface and compare it with the Gaussian
curvature.

2. Let the surface S be the union of tangent lines to a given space curve γ : R→ R3.
(a) Parametrize S in some way up to your choice.
(b) Compute the first quadratic form (the metric) in your coordinates.
(c) Prove that this metric has zero Gaussian curvature at all smooth points of the surface.
(d) Find the Euclidean coordinates on S for the case when

γ = (a cos t, a sin t, b t).

3. Compute the transformation of the tangent plane to the paraboloid

z =
1

2
(x2 + y2)

given by the parallel transport along the circle of its intersection with the plane z = 1
2

(a) by geometric mean;
(b) by solving the equation of covariantly constant vector field;
(c) by applying the Gauss-Bonnet formula.
Compare the results of computations.

Differential Geometry Problem Set VII
10.04.2020

Let ∇ the coordinate-wise derivative on the tangent bundle E = TRn to the Euclidean
space.

1. Find the derivative ∇vu of the field u = u1∂ρ + u2∂θ along the field v = v1∂ρ + v2∂θ in
polar coordinates on the plane R2.

For a submanifold M ⊂ Rn in the Euclidean space Rn, and its tangent bundle E = TRn,
we set ∇uv = prM∂uv, the composition of the component-wise derivative in the ambient
space Rn and the orthogonal projection to TM .

2. For the case of the unit sphere M = S2 ⊂ R3, find the derivative ∇vu of the field
u = u1∂φ + u2∂θ along the vector field v = v1∂φ + v2∂θ in the spherical coordinates on S2.

3. Let M be a surface in R3 and E : M ×R3 →M be the (trivial) bundle of rank 3 consisting
of vectors tangent to the ambient space. Compute the component-wise derivative in the
trivialization determined by an orthonormal frame (e1, e2, e3) of fields such that e1 and
e2 are tangent to the surface and n = e3 is normal to it (express the coefficients of this
connection in terms of the first and the second quadratic form of the surface).



The components Aij of the connection matrix A consisting of 1-forms in the trivialization
given by the basis of sections e1, . . . , en are determined by

∇ξej = Aij(ξ)ei,

or, more explicitly, Aij = Γijkdx
k where ∇∂

xk
ej = Γijkei. Using the matrix A, the covariant

derivative is computed in matrix notation as

∇ξs = ∂ξs+A(ξ) s,

where the section s on the right hand side of the equality is regarded as the column of its
components.

4. In all 3 cases above, compute the connection matrix A of 1-forms and the curvature matrix
R = dA+A ∧A.

5. Prove that the following operation on the space of sections

R(ξ, η) = ∇ξ∇η −∇η∇ξ −∇[ξ,η]

is linear for any two vector fields ξ, η and its matrix coincides with the curvature matrix.

Differential Geometry Problem Set VIII
17.04.2020

1. Prove that the Levi-Civita connection on a Riemannian surface in an orthonormal basis ei,
e2 of vector fields is given by

∇ξe1 = α(ξ) e2, ∇ξe2 = −α(ξ) e1,

where α is the connection 1-form introduced in the algorithm of computing the curvature
of a metric on a plane (computed for the dual basis u1, u2 of 1-forms).

Let ξ, η, ζ be three vector fields on a Riemannian manifold and ∇ be the Levi-Civita
connection. Consider 6 quantities obtained all possible permutations of the symbols ξ, η, ζ
in (∇ξη, ζ). The compatibility with the metric provides three linear equations on these
quantities obtained by permutations of the symbols ξ, η, ζ in the following one

(∇ξη, ζ) + (η,∇ξζ) = −∂ξ(η, ζ).

The symmetry condition ∇ξη − ∇ηξ = [ξ, η] provides three more equations obtained by
permutations of the symbols ξ, η, ζ in the following one

(∇ξη, ζ)− (∇ηξ, ζ) = ([ξ, η], ζ).

2. (a) Solve the obtained system of 6 linear equations on 6 unknown and find, thereby, an
explicit formula for (∇ξη, ζ).
(b) prove that the operation ∇ defined by this formula does satisfy the axioms of connec-
tions, i.e. it is linear with respect to ξ and ζ and satisfies the Lebnitz rule with respect
to η.



Differential Geometry Problem Set IX
24.04.2020

.
The computation of the curvature of a metric on the plane in the basis of coordinate vector
fields involves the following steps: one has to compute all 23 = 8 Christoffel symbols

Γijk =
1

2
gil
(
∂glj
∂xk
−
∂gjk
∂xl

+
∂glk
∂xj

)
,

and then all 24 = 16 components of the Riemann tensor

Rijkl =
∂Γijl
∂xk

−
∂Γijk
∂xl

+ ΓipkΓ
p
jl − ΓiplΓ

p
jk.

The convolution of this tensor gives the scalar curvature which is twice the Gaussian cur-
vature,

2K = Rijilg
jl.

In order to reduce the number of mistakes in practical computations it is useful to realise
them using matrix notations. One starts with the matrix g = ‖gij‖ of the metric and its
inverse g−1 = ‖gij‖. Denote by γi = gijdx

j the 1-form whose coefficients are formed by the
ith column of g. Then the connection matrix A = ‖Γijkdxk‖ is determined by

gA =
1

2
‖dgij − ∂iγj + ∂jγi‖

where ∂i = ∂
∂xi

is the componentwise derivative. Multiplying by g−1 on the left, one finds
the connection matrix A of 1-forms, and next, the curvature matrix of 2-forms by the
Cartan structure equation

R = dA+A ∧A.

If the computations are done correctly then the matrix obtained from this one by multipli-
cation by g on the left has to be skewsymmetric,

g R =

(
0 R1212

−R1212 0

)
dx1 ∧ dx2.

Its off-diagonal entries determine the Gaussian curvature,

K =
R1212

det(g)
.

1. For the following metrics on the plane, determine the Levi-Cevita connection, the Riemann
curvature tensor and the Gaussian curvature, acting in the basis of coordinate vector fields.
Compare the computations with those from the Exercise problem set IV.
(a) dx2 + sin2 x dy2;
(b) dx2 + sinh2 x dy2;
(c) dx2 + x2 dy2;

(d)
4 (dx2 + dy2)

(1 + k(x2 + y2))2
;

(e) conformal metric of the form g(x, y) (dx2 + dy2), where g(x, y) > 0 is a function;
(f) g = dx2 + 2 cosω dx dy + dy2, where ω = ω(x, y) is some function.



Differential Geometry Problem Set X
01.05.2020

The confocal family of ellipsoids Eλ depending on a real parameter λ is given by

x2

a2 − λ
+

y2

b2 − λ
+

z2

c2 − λ
= 1.

For a generis point of R3 there are 3 values of λ such that Eλ passes through this point.
These values form elliptic coordinates in R3. On the ellipsoid E = E0 one of these co-
ordinates is equal to 0. The two remaining coordinates form elliptic coordinates on the
ellipsoid.

1. Find explicit parametrization of the ellipsoid in elliptic coordinates. Which points are not
covered by these coordinates? Draw coordinate lines of the elliptic coordinate system.

2. Compute the first and the second quadratic forms of the ellipsoid in elliptic coordinates.
Show that the coordinate lines of elliptic coordinate system constitute the fields of principal
directions (that means that the first and the second quadratic forms are diagonal in these
coordinates).

The point of a surface is called umbilical if the two principal curvatures are equal. These
are singular points of the field of principal directions.

3. Compute the principal curvatures of the ellipsoid in elliptic coordinates. Show that each
ellipsoid with distinct semiaxes has exactly four umbilic points. Identify these points.

4. Draw the field of principal directions in a neighbourhood of an umbilic point of an ellipsoid.



Differential Geometry Problem Set XI
08.05.2020

1. Find all geodesics of the Lobachevsky plane in Klein and Poicaré model.

2. Write equations of geodesics on the torus obtained by rotation of a circle of radius r around
the axis on the distance R from the center of the circle. Which parallels and meridians are
geodesics?

3. Prove that the Christoffel symbols vanish at the origin in the normal coordinates. Express
the coefficients in the expansion

Γijk(x) = Aijk`x
` + o(|x|)

in terms of the Riemann curvature tensor at the origin.

4. (a)Prove that the Euclidean metric approximates the given one up to the second-order
terms in the normal coordinates.
(b) Show that in the case of a plane a metric in normal coordinates (x, y) has the form

g = dx2 + dy2 +A(x dy − y dx)2 + o(r2)

for some constant A, where r =
√
x2 + y2. Express A in terms of the Gaussian curvature

at the origin.
(c) In general case, express the coefficients in the expansion

gij(x) = Bijk`x
kx` + o(|x|2)

in terms of the Riemann curvature tensor at the origin.

5. Give a definition of a circle of radius ε on a Riemannian surface. Find its area and the
length of its boundary in the second-order approximation of its expansion as ε→ 0.


