
THE KNOT THEORY COURSE AT THE IUM

Mathematical knot theory studies certain types of curves in
Euclidean space R3, namely knots, links, and braids.

A knot, roughly speaking, is an oriented closed curve (without
self-intersections) in Euclidean spaceR3 considered up to a natural
equivalence relation, called isotopy. Intuitively, you should think
of a knot as a thin elastic string that can be stretched, compressed,
and moved about in space but may not be cut and glued back.
Here are some examples of knots : (a) the unknot or trivial knot;
(b) the trefoil; (c) the figure eight knot; (d) the granny knot;
(e) the knot known as 52; (f) a knot isotopic to one of the first
five (try to guess – which one?).

Рис. 1. Examples of knots
1



2

A link, roughly speaking, is a set of several pairwise nonintersecting
closed curves in R3 without self-intersections. Intuitively, you
should think of a link as several thin elastic strings that can be
stretched, compressed, and moved about in space but may not
be cut and glued back. Here are some examples of links: (a) the
trivial two component link; (b) the Hopf link; (c) the Whitehead
link; (d) the Borromeo rings.

Рис. 2. Examples of links

Roughly speaking, a braid in n strings is an ordered set of
pairwise non- intersecting curves moving downward from n aligned
points of a horizontal plane to n similarly aligned points of a
second horizontal plane. You can think of the strings of a braid
as being thin elastic strings can be stretched, compressed, and
moved about in space, but may not be cut and glued back.
Here are some examples of braids: (a) the reduced two-string

braid (b−1)3; (b) the pure virgin’s braid (b−1
1 b2)

6 ; (c) the braid
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b1b2b1 from the Artin relation; (d) the braid used by Dirac in his
first public demonstration of the existence of antiparticles.

Рис. 3. Examples of braids
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A Bit of History

Knots have been used for practical purposes since prehistorical
times, in particular in engineering, the construction of buildings,
in sailboats. The first significant mathematical results about knots
are due to Gauss (who invented a link invariant used in electrody-
namics) and to Poincaré (who used the trefoil knot to construct
the homology sphere that now beatrs his name ). However, as an
independent science, knot theory originated only in the 1920ies
in the work of Reidemeister (who wrote the first book on knots),
Artin (braids), and Alexander (polynomial knot invariants).

Knot theory became the center of attention of the mathematics
and physics community in the mid 1980ies when Vaughan Jones
defined the polynomial link invariant named after him. The number
of articles and books on knot theory skyrocketed, four researchers
working in the field (Witten, Drinfeld, Kontsevich, and of course
Jones) were granted the Fields medal. Other fundamental results
were the invention of finite-type knot invariants by Vassiliev and
Goussarov, of quandle knot invariants, and of Khovanov homology.

Knot theory is still actively developing today, hundreds of arti-
cles on the theory appear every year, many problems remain
unsolved and new ones constantly arise. The IUM course leads up
some of these problems. As an illustration of this, let me mention
that the last time I gave the knot theory course at the IUM, one
of the students, Xingya Wang, still an undergraduate, solved a
research problem that I proposed to her and wrote an article
that was published in a peer reviewed international journal. At
present she is a PhD track graduate student at Rice University.
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Proposed Syllabus

(1) Oriented knots and links: formal definition, equivalence (=iso-
topy), knot diagrams, Reidemeister moves, skein relation, Conway
axioms for the Alexander polynomial of knots and links, examples
of computations.
(2) Boxed knots, connected sum (=composition) of knots, the
knot semigroup (commutativity and absence of inverse elements),
unique prime knot decomposition theorem.
(3) Some simple knot invariants: stick number, three-colorings,
the Arf invariant; Seifert surfaces and the genus of a knot.
(4) Kauffman bracket of a nonoriented knot or link, its behavior
with respect to Reidemeister moves.
(5) Definition of the Jones polynomial via the Kauffman bracket,
properties of the Jones polynomial, computation via the definition.
(6) Axioms for the Jones polynomial, uniqueness w.r.t. axioms,
computation via the axioms; knot tables.
(7) The braid group: geometric definition. Braid generators. Artin’s
theorem on the algebraic presentation of the braid group.
(8) Properties of braids, braid orderings and the decidability of
the word and conjugacy problem for braids.
(9) Closure of a braid, Alexander theorem (any knot is the closure
of a braid), Markov moves, Markov’s theorem (necessary and
sufficient condition for braids to have the same closure).
(10) Examples of finite type invariants; Thom–Arnold theory of
discriminants, singular knots, the four-term relation, Axioms for
Vassiliev invariants.
(11) The Kontsevich integral and the existence of Vassiliev invariants.
(12) Survey of new trends in knot theory.
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Prerequisites

You should be familiar with the basic notions of
(1) the topology of Rn, n ≥ 1 (open set, continuous map, induced
topology, compactness);
(2) calculus (curves as smooth maps, smooth surfaces in R3,
tangent vector to a curve);
(3) group theory (group, subgroup, quotient group, subgroup,
homomorphism, isomorphism).
In the last lectures we will be using some fairly advanced material

(e.g. complex integrals), but the necessary notions will be explained
in the course.


