
Lecture 7

Examples of Finite Type Invariants

In this lecture, we describe and illustrate, by means of examples,
a general method due to Thom, Arnold, and Vassiliev for defining
invariants of various geometric and topological objects. On a
very rough and intuitive level, the method consists in studying
nice (i.e., without singularities) objects (e.g. knots and links)
all together with their singular versions (e.g. singular knots and
links, i.e., closed curves in space with self intersections) and using
the singular objects (which form the discriminant of the theory)
to define and compute invariants. Such invariants are said to be of
finite type. Actually, many classical invariants discovered before
the Thom–Arnold–Vassiliev discriminant theory was developed
turned out to be invariants of finite type.
Here we shall describe four such invariants.

7.1. Discriminant of quadratic equations and real roots

Given a quadratic equation x2+px+q = 0, let us to find out how
many distinct real roots it has. Of course, we know that it has two
real roots if its discriminant ∆ = p2 − 4q is positive, one if ∆ is
zero, and none if it is negative. But here, in order to illustrate the
discriminant method, we will describe a geometric algorithm for
finding the number of real roots R(p, q) of the quadratic equation
x2 + px + q = 0.
In the (p, q) coordinate plane R2, let us picture the parabola

P = {(p, q) | q = p2/4}. Each point p, q ∈ R2 represents a specific
quadratic equation. Let a concrete point (p1, q1) be given. How
many roots does the equation x2 + p1x + q1 = 0 have?
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To find this out, we proceed as follows. We start at the point
(0, 1) (where R(0, 1) = 2) and join the point (p1, q1) by a smooth
path in general position w.r.t. the parabola P . At all the points of
the path up to its first intersection with the parabola (the point
A in Fig. 7.1), we put R = 2, and after crossing the parabola,
R = 0, until the next intersection (the point B in the figure),
after which the value of R jumps to +2 and stays equal to 2
when we arrive at the point (p1, q1).
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Figure 7.1. The discriminant of quadratic equations

Fig. 7.1 shows the process of finding R at another point, (p′1, q
′
1),

of the plane, obtained by joining (0, 1) to this point by a curve
that intersects the parabola at the points C,D,E. In this case
the number of roots is 0.
Note that R is an invariant of the two open subsets of R2 into

which the plane is divided by the parabola P . Note also that when
we cross the parabola, the value of R changes according to the
following rule, that we call the discriminant relation: approaching
the parabola, look at its orientation, if its is oriented to the left
(as at the point A on the figure), subtract 2 from the current
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value of R, if it is oriented to the right, we add 2 to the current
value.
(The reader may want to ask why should we need such a compli-

cated algorithm for finding R, when to do that it suffices to
find the sign of ∆? The answer is – because of its generality:
similar geometric algorithms work in many completely different
situations, when no simple computational algorithms are available).

Theorem 7.1. The value of R(p1, q1) does not depend on the
choice of path joining the initial point to (p1, q1), so that the
process described above gives the correct value of the number of
roots of any quadratic equation.

The (rather obvious) proof is the object of Exercise 7.1.

7.2. Degree of a point point w.r.t. a curve

Consider a smooth immersed curve C in the plane (“immersed”
means that the curve has a finite number of singularities, all of
which are transversal self-intersections). Let O be a point outside
a 2-disk containing C and A be a point not contained in C. Then
we define the degree of the point A w.r.t. C, denoted deg(A : C),
as the integer obtained by the following process. Construct a
smooth path α in general position w.r.t. C joining O to A. At
all the points on the path up to the first intersection with C (the
point X in Fig. 7.2) we put deg = 0. At all the points on the
path from A up to the next intersection with C (the point Y
in Fig. 7.2) we change deg to deg±1, depending on the type of
crossing: if the branch of the curve that we are intersecting is
directed to our right, we add 1 to the degree, if it directed to our
left, we subtract 1. Next, when we cross C for the second time at
Y , we add ±1 according to the same rule, which may be descibed
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by the following discriminant relation (which resembles a skein
relation!).

deg

( )
− deg

( )
= deg

( )
= 1

We then continue in the same way until we arrive at A, setting
deg(A : C) equal to the integer obtained after the last crossing.
But is deg(A : C) well defined, doesn’t it depend on the choice

of the path α?
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Figure 7.2. Finding the degree A w.r.t. C

Experiments with Fig. 7.2, where another path joining O to A
is shown and the value of the degree in each connected component
of R2 \ C is indicated, confirm the conjecture that deg(A : C) is
indeed well defined. But we need a proof.

Theorem 7.2. The value of deg(A : C) does not depend on the
choice of path joining the initial point O to A, so that the process
described above gives the correct value of the degree of a point
w.r.t. a curve.

The (nontrivial!) proof is the object of Exercise 7.3.
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7.3. Inertia index of a quadratic form

Recall that a quadratic form Q = a11x
2 + 2a12xy + a22y

2 given
by its matrix

(Q) =

(
a11 a12
a21 a22

)

can be diagonalized by a change of variable via an invertible
matrix to read Q = ±x2 ± y2. The number of plus signs in the
last expression will be denoted by θ and called the (positive)
inertia index of the quadratic form Q. Sylvester’s law of inertia
asserts that θ depends only on Q.
The discriminant ∆(Q) is the double infinite cone

∆(Q) =
{
a11, a22, a12 | a211 + a222 − a12 = 0

}

in 3-space with coordinates (a11, a22, a12). It is shown in Fig. 7.3.
Let us orient the upper part of the cone so that its orientation is
counterclockwise (looking at it from the outside) and the lower
part of the cone so that its orientation is clockwise (also looking
at it from the outside).
Then the value of θ will be +2 inside the upper part of the

cone, to 0 inside the lower part of the cone, and to +1 outside the
double cone. Starting at the point P0 = (1, 0, 0) (where θ = +1),
we can find the value of the inertia index θ at any other point
P1 = (X1, y1, z1) by the following procedure.
We join P0 to P1 by a smooth path in general position w.r.t.

the cone and move along the path until the first intersection
with the cone (the point A in Fig. 7.3). If the orientation of the
cone appears to be counter-clockwise as we approach A (as in the
figure), we add 1 to the current value of θ (equal to +1) to obtain
the value of θ at points near A on the other side of the cone, while
if the orientation appears clockwise, we subtract 1 from θ. After
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that, we proceed along the path to the next intersection with the
cone (the point B in the figure), where we will have to subtract 1
from θ, and so on until we reach P1. The current value of θ as we
approach P1 (0 in the figure) will be equal to the inertia index of
the quadratic form determined by the coordinates of P1.
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Figure 7.3. Discriminant of a quadratic form

Theorem 7.3 The result of the process described above ((θ(P1))
does not depend on the choice of the path joining P0 to P1.

The (rather simple) proof of this theorem is the object of Exercise
7.4.
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7.5. Gauss linking number

The Gauss linking number of a pair of closed curves in R3

indicates the number of times one closed curve winds around
the other (see Fig. 7.4, where the linking numbers are 3, 2, -3,
-1).

(A) (B) (C) (D)

Figure 7.4. Gauss linking number of two-component links

Consider a two-component link diagram L = L1 ∪ L2. Let
us perform crossing changes in L so as to obtain a trivial two-
component link L◦ = L◦1∪L◦2, where L◦1 and L◦2 are nonintersecting
topological circles in R2. We will define the Gauss linking number
λ(L1, L2) of the curves L1, L2 by means of the following procedure.
First we put (by definition) λ(L◦1, L

◦
2) = 0 and then denote by

γ1, . . . , γk the crossing changes performed at the crossing points
P1, . . . , Pk between L1 and L2 (we ignore the crossing points of
L1 with itself and L2 with itself). We then carry out the crossing
change at P1 opposite to γ1 (thereby restoring the original crossing
at P1) and denote the two obtained curves by L1

1 and L1
2. If the

obtained crossing is positive, we put λ(L1
1, L

1
2) = +1, and if it

is negative, λ(L1
1, L

1
2) = −1. We then go on to the next crossing

point and define

λ(L2
1, L

2
2) = λ(L1

1, L
1
2)± 1,

depending on the sign of the original crossing at P2. We continue
in the same way to the last crossing point Pk and define λ(L1, L2)
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as follows:
λ(L1, L2) = λ(Lk−11 , Lk−12 )± 1,

again depending on the sign of the original crossing at Pk.

Theorem 7.4. The result of the above-described procedure is
an integer, called the Gauss linking number, which does not
depend on the ordering of the crossings and is an ambient isotopy
invariant of the two- component link L = L1 ∪ L2.

We shall not prove this theorem here. There are two different
proofs, one going back to Gauss and based on the a concrete
definition of λ(L1, L2) as the double integral

λ(L1, L2) =
1

4π

∫

S1×S1

det
(
α̇1(s), α̇2(t), α1(s)− α2(t)

)

|α1(s)− α2(t)|3
ds dt,

where α1, α2 : S1 → R3 are parametrisations of L1 and L2, and
the dot denotes differentiation. The second proof is based on
homology theory and defines λ as the intersection number of L1

with a surface spanning L2.

Remark 7.1. Let us explain what lies behind this construction
and, in particular, describe the discriminant underlying the Gauss
linking number. In the previous examples, the objects under
study (quadratic equations, points in R2 \ C, quadratic forms)
were represented by points in two- or three-dimensional space
and the corresponding invariants (number of real roots, degree
w.r.t. C, inertia index) were defined and calculated with the help
of the corresponding discriminant (the parabola P , the curve C,
the double cone ∆(Q)).
For the linking number λ(L1, L2), the objects (two-component

links) can be represented by points in infinite-dimensional linear
space, and the discriminant will be a subset of this space, also of
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infinite dimension. It is of course impossible to draw a realistic
picture of the discriminant, but we can give a good visual idea
of what happens when we cross the discriminant because its
codimension is equal to one. This is done by a discriminant relation
that may be called the Gauss skein relation:

λ

( )
− λ

( )
= λ

( )
= 1

Note that all the other discriminants were of the same codimen-
sion (equal to 1). We can say that all four examples are finite
type invariants of degree one, because they are determined by
codimension 1 discriminants.

7.5. Exercises

7.1. Prove Theorem 7.1.
7.2*. [For those who know how to use the graphics software from
Wolfram’s “Matematica”.] For third degree equations

x3 + px2 + qx + r = 0,

represent the discriminant ∆ = p2q2 − 4q3 − 4p3r + 18pqr in
(p, q, r)-space and indicate the different discriminant relations
used to find the number of real roots of the equation.
7.3. In Fig. 7.2, the values of the degree of points in the different
connected componente of R2 \ C are shown, but one of them is
incorrect. Find it and correct it.
7.4*. Prove Theorem 7.2.
7.5. Prove Theorem 7.3.
7.6. What is the linking number of the left Hopf link and of the
right Hopf link?
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7.7. If the linking number of a two-component link diagram is
zero, does it follow that the components can be separated (i.e.,
the diagram is equivalent to a link diagram whose components
lie in different half planes)?
7.8. Orient the curves in Fig. 7.4 so that the linking number of
each pair of curves is indicated correctly in the text> verify this
by calculating the linking numbers according to the procedure
described in Sec. 7.4.
Homework: 7.3, 7.4* (challenge problem), 7.6, 7.8.


