
Lecture 1

Knots and links, Reidemeister moves,
Alexander–Conway polynomial

1.1. Main definitions

A (nonoriented) knot is defined as a closed broken line without
self-intersections in Euclidean space R3. A (nonoriented) link is
a set of pairwise nonintertsecting closed broken lines without
self-intersections in R3; the set may be empty or consist of one
element, so that a knot is a particular case of a link. An oriented
knot or link is a knot or link supplied with an orientation of its
line(s), i.e., with a chosen direction for going around its line(s).
Some well known knots and links are shown in the figure below.
(The lines representing the knots and links appear to be smooth
curves rather than broken lines – this is because the edges of the
broken lines and the angle between successive edges are tiny and
not distinguished by the human eye :-).
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Figure 1.1. Examples of knots and links

The knot (a) is the right trefoil, (b), the left trefoil (it is the
mirror image of (a)), (c) is the eight knot), (d) is the granny knot;
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the link (e) is called the Hopf link, (f) is the Whitehead link, and
(g) is known as the Borromeo rings.
Two knots (or links) K, K ′ are called equivalent) if there exists

a finite sequence of ∆-moves taking K to K ′, a ∆-move being
one of the transformations shown in Figure 1.2; note that such a
transformation may be performed only if triangle ABC does not
intersect any other part of the line(s).
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Figure 1.2. ∆-moves

The next figure shows how a knot’s shape can be transformed
by a successsion of ∆-moves.
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Figure 1.3. Modifying a knot by ∆-moves

Intuitively, you can think of a knot as a thin elastic string in
three-dimensional space that can be deformed (i.e., stretched,
compressed, and moved about), and consider two knots to be
equivalent if one of them can be deformed to exactly the same
shape as the other’s (i.e., made to be isometric to it).
Using the term knot (or link), we often use this term to stand for

the entire equivalence class of knots containing the given concrete
knot. Thus when we say “the knot shown in Figure 1.3 is the left
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trefoil” we mean that it is equivalent to the trefoil (say the one
shown in Figure 1.1.(b)).
One of the basic problems of knot theory, often called the knot

classification problem, is to determine whether any two given
concrete knots are equivalent. An important particular case of
that problem is the unknotting problem: given any concrete knot,
determine if it is the unknot (also called trivial knot), i.e., the
round circle. In this course, we shall be particularly interested in
these two problems.
Remark 1.1. In the examples in Fig. 1.1, there are two trefoil
knots – the “right” and the “left” one ((a) and (b)). They are
obviously mirror symmetric, but are not equivalent (the proof,
which uses a powerful invariant – the Jones polynomial – will be
given later in the course). You will find out, when you do Exercise
1.3, that the “eight knot” (Fig. 1.1 (c)) is, on the contrary, equi-
valent to its mirror image. Later in the course we will discuss
this and similar facts (the “chirality” of knots), as well as the
“invertibilty” of knots (whether their equivalence class changes
or doesn’t change when the oriention is reversed).
Remark 1.2.Most books on knot theory give a definition of knot
equivalence different from ours. Namely, they say that two knots
K and K ′ are ambient isotopic if there exists am orientation-
preserving homeomorphism h : R3 → R3 such that h(K) = K ′.
This definition is equivalent to ours in the sense that the two
definiions yield the same equivalence classes of knots and links.
This fact is not easy to prove, so we will avoid refering to it – it
will be used only once (namely, in Lecture 2).
Remark 1.3. This remark is for those students who are familiar
with the notions of homotopy and of isotopy, and it is purely
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terminological – it explains why the adjective “ambient ” appears
in the definition mentioned in Remark 1.1. – so that the present
remark can be skipped by the other students. The point here is
that if we declare two knots K and K ′ to be “equivalent” if there
is an isotopy taking K to K ′, then it is easy to show that all
knots are equivalent to the unknot – see Figure 1.4.

Figure 1.4. All knots are (non-ambient) isotopic to the unknot

1.2. Reidemeister moves

All the knots in Figures 1.1-1.3 are pictured as knot diagrams, i.e.,
as a projection in general position of the knot on the horizontal
plane showing, at each crossing point, which branch of the knot
passes above the other one; “in general position” means that no
vertex is projected to another vertex, there is only a finite number
of crossing points, and they are all transversal self-intersections.
The advantage of picturing knots as being (almost!) planar is

that we pass from a three-dimensional problem (which is not
easy to visualize) to a planar one which is easier to work with,
especially after the so-called Reidemeister moves Ω1,Ω2,Ω3 are
introduced (see Fig.1.5).
These figures should be understood as follows. The pictures

show only the part of the curve located inside the disk bounded
by a hashed line; each move does not modify the part of the knot
lying outside of the disk, but changes the part of the knot lying
inside the disk as shown in the picture. Thus Ω1 creates/kills a
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little loop, Ω2 creates/kills a double overpass, Ω3 shifts a branch
of the knot over a crossing point.
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Figure 1.5. Reidemeister moves

1.5. Reidemeister Lemma. Two knot (or link) diagramsK and
K ′ represent the same knot (link) if and only K can be taken to
K ′ by a finite sequence of Reidemeister moves.

This fundamental lemma can be proved by a mildly difficult
general position argument that I omit here. The fundamental
importance of the lemma is due to the fact that it reduces a
difficult three-dimensional topological problem to a (simpler :-) )
problem in two-dimensional geometric combinatorics.

1.3. Alexander–Conway polynomial

If we want to prove that two knot (link) diagrams represent
the same knot (link), it suffices to find a series of ∆-moves (or
Reidemeister moves) taking one to the other. But what must
we do to prove that two knot (link) diagrams represent different
knots (links)? You know the answer: we must use an appropriate
invariant. Here we shall use the Alexander–Conway polynomial,
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which we now define by means of the Conway axioms; they are
as follows.
To each oriented link (in particular knot) diagram L a polynomial

in the variable x, called the Alexander–Conway polynomial of the
link L and denoted by∇(L) is assigned; this assignment is subject
to the three following axioms:
(I) Invariance: If L is equivalent to L′, then ∇(L) = ∇(L′).
(II) Normalization: ∇(©) = 1 for the unknot ©.
(III) Skein relation:

∇
( )

−∇
( )

= x∇
( )

The above relation should be understood as follows: we are
given three links L+, L−, L0 that are is identical outside the
small disk bounded by the dashed line, inside which they are as
shown in the picture. In this notation, the skein relation can be
rewritten as ∇(L+)−∇(L−) = x · ∇(L0).
Let us calculate the Alexander polynomial of the two-component

trivial link ©©. Using (III), and then (I) and (II) twice, we
obtain

x∇
( )

= ∇
( )

−∇
( )

x · (?) = 1 − 1

Thus ∇(©©) = 0.
Now let us calculate the Alexander polynomial of the right Hopf

link, i.e., the Hopf link with oppositely oriented circles. We have
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∇
( )

−∇
( )

= x∇
( )

? − 0 = x · 1

Thus ∇(right Hopf link) = x.
Finally, let us calculate the Alexander polynomial of the right

trefoil. We have

∇
( )

−∇
( )

= x∇
( )

? − 1 = x · x
Thus ∇(right trefoil) = 1 + x2.
What do those calculations show? They show that the Hopf

link cannot be unlinked (i.e., is not equivalent to the trivial two-
component link) and that the right trefoil cannot be unknotted
(i.e., is not equivalent to the unknot) provided that we know
that an assignment L 7→ ∇(L) satisfying axioms (I). (II), (III)
exists and is unique. We shall assume this fact without proof and
continue our calculations under that assumption.

1.4. Exercises

1.1 Using Reidemeister moves, show that the two diagrams of
the unknot with opposite orientations are equivalent.

?

K K ′
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1.2.Using Reidemeister moves, show that the two knot diagrams
K1 and K2 represent the same knot.

?

K1 K2

1.3. Which of these knots represent the right trefoil? the figure
eight knot? the unknot?

() () () ()

() () () ()

1.4. Compute the Alexander polynomial of the left Hopf link.
1.5. Compute the Alexander polynomial of the left trefoil. Is it

the same as that of the right trefoil? Can you conclude that the
right and left trefoils are equivalent knots?
1.6. Show that the figure eight knot is not equivalent to the

trefoil by computing its Alexander polynomial.
1.7. Is the granny knot equivalent to one of the trefoils? To the

figure eight knot?


