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• If there are errors in the problems, please fix reasonably and solve

them.

• Send your solutions to Takebe by 13:00 UTC on 15 February 2021.

• The final evaluation for the exercise classes at the end of the semester

will be computed as follows:

(your final mark)

= min

{
integer part of

(total points you get)× 15

total possible points
, 10

}

1. The position x(t) of a point mass connected to a spring in viscous

fluid follows the following ordinary differential equation:

m
d2x

dt2
+ µ

dx

dt
+ kx = 0,

where m is the mass, µ is the coefficient of viscosity of the fluid and k is

the spring constant. Hereafter we assume m = 1 for simplicity.

Solve this equation as follows:

(i) (1 pt.) Case µ2 > 4k: Find two solutions of the form x(t) = eαt and

make their linear combination.

(ii) (1 pt.) Case µ2 < 4k: Find solutions of the form x(t) = eαt sin βt

and x(t) = eαt cos βt and make their linear combination.
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2. The SIR model of mathematical epidemology is the following ordinary

differential equation for (S(t), I(t), R(t)):

d

dt
S(t) = −β S(t) I(t),

d

dt
I(t) = β S(t) I(t)− γ I(t),

d

dt
R(t) = γ I(t).

(S(t) = number of susceptibles (not yet infected) at time t, I(t) = number

of infected at time t, R(t) = number of recovered at time t.)

According to Picard’s theorem, which we shall prove later, this equation

has a unique solution for any initial value (S(0), I(0), R(0)) = (S0, I0, R0) ∈
R3.

(i) (1 pt.) Show that N = S(t) + I(t) +R(t) does not depend on t.

(ii) (1 pt.) Show that any solution (S(t), I(t), R(t)) satisfies the follow-

ing:

S(t) = S0e
−β

∫ t
0 I(s) ds, I(t) = I0e

∫ t
0 (β S(s)−γ) ds, R(t) = R0 + γ

∫ t

0

I(s) ds.

From this follows that, if S0 > 0 and I0 > 0, S(t) > 0 and I(t) > 0 for

any t.

(iii) (1 pt.) Find all the solutions with I0 = 0.

Hereafter we assume S0 > 0, I0 > 0 and R0 = 0.

(iv) (1 pt.) Show that S(t) monotonically decreases and that R(t)

monotonically increases.

(v) (1 pt.) Show that S(t) is less than β−1γ for sufficiently large t.

(Hint: Show that, if S(t) ≥ β−1γ for all t, I(t) > I0 > 0 and R(t) → ∞
(t → ∞), using (ii), which contradicts (i) and (ii) (S(t) > 0, I(t) > 0).)

(vi) (1 pt.) Show that I(t) decreases when t is sufficiently large and

has a limit I∞ := lim
t→∞

I(t).

(vii) (1 pt.) Show that I∞ = 0. (Hint: Show that, if I∞ > 0, R(t) → ∞
(t → ∞).)
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