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1. Algebraically closed fields

Let K be a field. Recall some definitions from the previous time.

Definition 1.1. An extension L/K is called algebraic if L is spanned by elements that are algebraic

over K (i.e., any element of L is algebraic over K).

Definition 1.2. Let K be a field. If L/K is an extension of fields and S ⊂ L is a subset, we

write K(S) for the smallest subfield of L containing K and S. We will say that S generates the

field extension K(S)/K. If S = {α} is a singleton, then we write simply K(α). We say L/K is a

finitely generated field extension if there exists a finite subset S ⊂ L with L = k(S).

Definition 1.3. Let L and L′ be two extensions of K which are both contained in some field M .

The composite LL′ of L and L′ is the smallest field in M that contain both L and L′.

Remark 1.1. If there is no ambient field L′′ which L and L′ are embedded into, one cannot define

their composite.

The basic existence result is that every field has an algebraic closure. More precisely, let K be

a field. Then

Theorem 1.1. (1) There exists an algebraic closure K of K. It is unique up to (non-unique)

isomorphism.

(2) For an algebraic extension L/K there exists an embedding L → K leaving K elementwise

fixed.

(3) In the previous situation take an algebraic closure L of L. Then the embedding L→ K can

be extended to an isomorphism of L onto K.

Proof. The existence of an algebraic closure can only be proven by means of Zorn’s lemma or some

other equivalent form of the axiom of choice. For instance, see one of the textbooks [1, Proposition

30, p.557]. �

Given an algebraic extension L of K, the embeddings of L into an algebraic closure K of K

are crucial for understanding the structure of the extension L/K. Those extensions L/K that are

”maximally” invariant under such embeddings, i.e. each such an embedding of L into K maps L

to itself and the number of different embeddings is equal to [L : K] are called Galois extensions.

2. Normal extensions

Recall:

Definition 2.1. Let L/K be an algebraic field extension. We say L is normal over K if for all

α ∈ L the minimal polynomial pα(x) of α over K splits completely into linear factors over L.
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2.1. Characterization of normal extensions.

Theorem 2.1. The following are equivalent:

(1) Any polynomial p(x) ∈ K[x] that is irreducible over K and has a root in L, factors into

linear factors in L[x];

(2) L is a splitting field over K of some set of polynomials over K;

(3) fixing an algebraic closure of K containing L, so K ⊂ L ⊂ K, any automorphism σ of K

over K (i.e. σ ∈ AutK(K)) maps L to L.

Proof. (i) (1) ⇒ (2): for any element α ∈ L, consider its minimal polynomial pα(x) ∈ K[x];

then L is a splitting field of the collection pα(x) ∈ K[x].

(ii) (2)⇒ (3): let L be a splitting field of some set of polynomials pα(x) ∈ K[x]. Consider an

automorphism σ ∈ AutK(K); then it sends (each of) the polynomials pα(x) to itself. Since

L is a splitting field of pα(x) and L is generated by the roots of all these polynomials, σ

fixes L.

(iii) (3) ⇒ (1): assuming that any automorphism σ of K over K (i.e. σ ∈ AutK(K)) maps L

to L, we have to prove that, given an irreducible polynomial p(x) ∈ K[x] having a root α

in L, such p(x) factors into linear factors.

The fact is that given a root β of p(x) in some K, there is an automorphism σ of K

sending α to β (since both K(α) and K(β) are isomorphic to K[x]/(p(x)) in K).

�

2.2. Uniqueness of splitting field of p(x) over K. For what follows, we need an important

result on extending embeddings of fields.

Theorem 2.2. Let K be a field and K an algebraic closure of K. Let L/K be an algebraic

extension. Then there is a morphism of K–extensions L→ K.

Proof. Uses Zorn’s Lemma. �

Proposition 2.1. Let p(x) ∈ K[x] be a polynomial and L a splitting field for p(x). If L′ is another

splitting field for p(x) then there exists an isomorphism σ : L → L′ that induces the identity map

on K. If K ⊂ L ⊂ K then any embedding of L′ into K that induces the identity map on K is

necessarily an isomorphism of L′ on L.

Proof. Since L is algebraic over K then L is also algebraic over K and the former is algebraically

closed, so L = K. By Theorem 2.2 there exists an embedding σ : L′ → L that induces the identity

map on K. The polynomial p(x) factors into linear polynomials in L′, so p(x) = c(x−β1) . . . (x−βn)

where βi ∈ L′ and c ∈ K. Now, p(x) ∈ K[x] and applying σ to p(x), obtain

p(x) = σ(p(x)) = c(x− σ(β1)) . . . (x− σ(βn)).

Now L[x] is an UFD while p(x) = c(x−α1) . . . (x−αn) in L[x] and moreover in L[x]. Thus, the

set σ(β1), . . . σ(βn) is a permutation of the set α1, . . . , αn. Therefore, σ(βi) ∈ L for i = 1, . . . , n

and σ(L′) ⊂ L.

Now L is generated by the roots of p(x), so L = K(α1, . . . , αn) and by the above K(α1, . . . , αn) =

K(σ(β1), . . . σ(βn)). But L′ is as well generated by the roots of p(x) in L′, that is L′ = K(β1, . . . , βn).

Hence, σ(L′) = L. �
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Assume given a sequence of field extensions K ⊂M ⊂ L such that each intermediate extension

is normal; does it imply L/K being normal? In general, the answer is no: let M/K and L/M be

quadratic extensions, so they are normal and [L : K] = 4. So setting K = Q,M = Q(
√

2), L =

Q( 4
√

2), we get a sequence of extensions with the properties as above. However, Q( 4
√

2)/Q is not

normal as the minimal polynomial for 4
√

2 over Q is x4− 2 and its roots are ± 4
√

2,±i · 4
√

2, but the

complex root i · 4
√

2 /∈ Q( 4
√

2).

3. Separable extensions

Recall the definitions:

Definition 3.1. An irreducible polynomial f(x) ∈ K[x] is separable if and only if it has distinct

roots in any extension of K (that is if it may be factored in distinct linear factors over an algebraic

closure K of K.)

Definition 3.2. Let L/K be a field extension. An element α ∈ L is called separable over K if it

is algebraic over K, and its minimal polynomial is separable.

Definition 3.3. A field extension L/K is called separable if L is generated by separable elements

over K.

So, let L/K be an algebraic extension, α ∈ L and p(x) is the minimal polynomial for α. Then

L is normal ⇒ all roots of p(x) in K are in L

L is separable ⇒ all roots of p(x) in K are distinct

So, being normal and separable for L means that p(x) has n distinct roots in L where n =

deg p(x).

Example 3.1. Let K be a field of characteristic p > 0. Consider K(tp) ⊂ K(t) where t is

transcendental over K. Then the minimal polynomial for t over K(tp) is equal to xp − tp which is

irreducible over K(tp) but splits as (x− t)p over K(t).

4. Artin’s lemma

Lemma 4.1. Let L/K be an algebraic separable extension. Assume that for any α ∈ L there exists

an n such that [K(α) : K] ≤ n. Then L is finite over K and [L : K] ≤ n.

Theorem 4.1 (Artin’s lemma). Let L be a separable algebraic extension of K and G be a finite

group of automorphisms of L of order n. Let K = LG be the fixed field. Then the extension [L : K]

is a normal separable extension and the group of automorphisms AutK(L) is isomorphic to G.

Such extensions as in Theorem 4.1 are called Galois extensions. The equivalent definitions of a

Galois extension are given in the next section.

5. Galois extensions

Let L/K be an algebraic extension. Fix a K and consider (the group) G := AutK(L).

Lemma 5.1. #AutK(L) ≤ [L : K].
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Proof. Let L be a simple extension, i.e. L = K(α) for some α algebraic over K with the minimal

polynomial p(x) for α (it is always the case if L is separable). Any homomorphism extending an

embedding K ↪→ K to a map L→ K must send α to a root of p(x) in K. The number of such roots

is not greater than deg p(x) = [L : K]. Proceeding by induction on the number of generators of L

over K and using multiplicativity of the degrees of extensions in towers, we obtain the result. �

Definition 5.1. An algebraic extension L/K is called Galois if one of the following equivalent

conditions is satisfied:

(1) L is normal and separable over K;

(2) [L : K] = #AutK(L) =: #G (the symmetries of L are as large as possible);

(3) K = LG (K ⊆ LG by the definition of G)

(4) L is a splitting field of a separable polynomial over K;

(5) K ⊆ M ⊆ L vs {e} ⊆ H ⊆ G where H = AutM (L), that is there is a order reversing

bijection:

subextensions M of L via subgroups H of G,

such that M = LH and Galois subextensions of L correspond to normal subgroups of G.

Theorem 5.1. The above conditions are equivalent to one another.

Proof. (i) (4)⇒ (1): follows from Theorem 2.1;

(ii) (1) ⇒ (2) embed K ⊆ L ⊆ K. Since L/K is separable by assumption, there are [L : K]

morphisms σ as below:

L
σ // K

K

>>__

Indeed, assuming again L is simple, i.e. L = K(α) for α separable over K, all the roots

of p(x) for α are distinct and K contain all of these roots, so one can map L to K precisely

as many times as the degree of p(x).

Now, by normality of L over K, any σ as above maps L into itself, since L is a splitting

field by normality, so is generated by the roots of p(x) and L

(iii) (2)⇒ (3) Follows from [L : K] = #G ≤ [L : LG] ≤ [L : K], thus [LG : K] = 1 and LG = K.

(iv) (3)⇒ (4)

(v) (4)⇒ (5) : takes some work

�

Example 5.1. Let L be a field and a group G acts on L. Then for K = LG the extension

L/K is always Galois. For instance, take a field of rational functions K(x1, . . . , x5) where x′is are

transcendental over K and let S5 act on K(x1, . . . , x5), so the invariant field K(x1, . . . , x5)
S5 is the

field of symmetric functions K(e1, . . . , e5). This is a Galois extension. Along this way, one sees

that any finite group can be realized as a Galois group of some extension: embed the given group

into a symmetric group Sn by Cayley theorem and consider the fixed field for that group under

the action of Sn on K(x1, . . . , xn). For given fields, it is much harder (the inverse Galois problem,

e.g. for Q).
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6. Galois group

Definition 6.1. A field extension K ⊂ L is called Galois if the order of group Gal(L/K) is equal

to the degree of the extension dimK(L) = [L : K], i.e. the dimension of L as a K–vector space.

Suppose K ⊂ L is a Galois extension.

Theorem 6.1. (a) Subfields K ⊂M ⊂ L correspond bijectively to subgroups of Gal(L/K)

(b) Subfields of L that are Galois extensions over K correspond bijectively to normal subgroups

of Gal(L/K).

6.1. Main idea of Galois theory. Given p(x) = anx
n + an−1x

n−1 + . . . a0. Look at the field

generated by the roots α1, . . . , αn of p(x) (in an algebraic closure of Q).

Galois group is the group of all permutations of the roots α1, . . . , αn that preserve all algebraic

relations between these roots.
So, Galois group is a subgroup of Sn but can be smaller.

Example 6.1. Let p(x) = x5 − 2. Its roots are 5
√

2, 5
√

2ζ, . . . , 5
√

2ζ4 where ζ5 = 1 is a prim-

itive 5-th root of unity. Any permutation of the roots of p(x) preserving the relations between
5
√

2, 5
√

2ζ, . . . , 5
√

2ζ4 shall satisfy many relations, i.e. α1α3 = α2
2, etc. So, in fact the Galois group

of p(x) is of the order 20 (the degree of the extension Q(ζ, 5
√

2).

The Galois group from the above example is solvable. What is this group? A group G of order

20 has a Sylow 5–group whose number is equal to 1 modulo 5. Thus, a Sylow 5–group is normal

and G = Z/5Z o Z/4Z.

Example 6.2. Consider the polynomial p(x) = x3 − 2 and let θ be the real root of p(x). The

splitting field of p(x) is the field Q(θ, ω) where ω is a primitive cubic root of unity. The degree

Q(θ, ω) over Q is 6 and the Galois group Gal(Q(θ, ω)/Q) is the symmetric group S3. The Galois

correspondence in this case is illustrated by the picture below:

The subfields of Q(θ, ω) are Q(ω),Q(θ),Q(θω),Q(θω2); as we saw earlier, Q(θ) is not a Galois

extension and the group S3 permutes the subfields Q(θ),Q(θω),Q(θω2) via the action of the element
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f ∈ Gal(Q(θ, ω)/Q) of order 3. On the other hand, Q(θ) is the fixed subfield of the subgroup (1, g)

where g ∈ S3 is the element of order 2.
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