
ADVANCED ALGEBRA, LECTURE VIII, APRIL 7TH

1. Applications of Sylow’s theorem. Examples

Last time we stated Sylow’s theorems. Recall what these are about. Let G be a finite group of

order N = pm · n where m = ordp(N), i.e. the largest power of p dividing N , and p be a prime

number.

Definition 1.1. A group G is called p–group if the order of G is equal to pm for some m > 0.

Definition 1.2. A subgroup H ⊂ G of order pm is called Sylow’s subgroup of G.

Theorem 1.1 (Sylow). (1) Sylow’s subgroup exist.

(2) The number of Sylow’s subgroups in G divides the order of G and is equal to 1 mod (p).

(3) All Sylow’s subgroups are conjugated to each other.

(4) Any p–subgroup of G is contained in a Sylow’s subgroup of G.

Proof. The proof has been given in the previous lecture notes. We make a few comments here on

some variants of a proof. Proving the statements in a different orders reveals some simplifications.

(1) Concerning (2), observe that given two Sylow’s p–subgroups S and T , we conclude that S

can not normalize T since otherwise ST would be a subgroup of G of order strictly bigger

than pm. Look at the orbits of S on the set of Sylow’s p–subgroups. By the above, the

orbit of any group T distinct from S has a stabilizer GT which is a proper subgroup of S,

hence the cardinality of orbit of T is equal to #(S/GT ) and is divided by p. On the other

hand, the orbit of S is just S. Thus, the number of Sylow’s p–subgroups conjugate to S is

equal to 1 mod (p).

(2) From (2), we see that, on the one hand, the number of of Sylow’s p–subgroups conjugate to

S is equal to 1 mod (p). On the other hand, consider the orbit of S under the conjugation

of the whole G, i.e. the set of all conjugate subgroups to S. Acting by T on this orbit

and assuming that S and T are not conjugate, we see that this orbit is broken up into the

T–orbits each of which has the cardinality divided by p. Indeed, the stabilizer of each point

is a proper subgroup of T , since T is not conjugate to S by the assumption. Therefore,

under this assumption, the number of of Sylow’s p–subgroups conjugate to S is equal to

0 mod (p), a contradiction.

(3) Let H be a p–subgroup of G which is not contained in a Sylow’s p–subgroup.

Then the normalizer NG(H) has index divisible by p since otherwise the nor-

malizer NG(H) is a Sylow’s p–subgroup and H ⊂ NG(H). Thus, the number of

conjugates to H is divisible by p. On the other hand, acting on the same set by

conjugation by H, the number of conjugates to H is broken up into H–orbits

and is equal to 1 mod (p).
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Corollary 1.1. Let G be a finite group of order N = pm · n. Then the number of Sylow’s p–

subgroups divides n.

Proof. By Theorem 1.1, (2), all Sylow’s p–subgroups are conjugate. Conjugation this set by G and

noting that the index of the normalizer NG(S) is coprime to p, we see that the number of Sylow’s

p–subgroups divides n. �

Corollary 1.2. Let p be the largest prime dividing the order of G. Then the Sylow’s p–subgroups

are normal in G and hence there is a unique such subgroup.

Proof. By Theorem 1.1, (1), the number of Sylow’s p–subgroups is equal to 1 mod (p) and by

Corollary 1.1, the number of Sylow’s p–subgroups divides n. For p as in the corollary, this is

possible when the number of Sylow’s p–subgroups is equal to 1. Since all Sylow’s p–subgroups are

conjugate by Theorem 1.1, (3), this implies both normality and uniqueness. �

1.1. Groups of order pq where p and q are primes. Assume p > q. Then by Corollary 1.2

there is a unique normal Sylow’s p–group. There are two cases emerging:

(1) q - (p− 1);

(2) q | (p− 1)

In the first case there is also a unique Sylow’s q–group, hence normal. In this case, counting the

orders of elements of G, we see that there is necessarily an element of the order pq (see Homework

# 8 for completing this argument). Hence, G = Z/(pq)Z.

In the second case, denoting P the Sylow’s p–group, we have the quotient homomorphism

G→ G/P . Denoting Q a Sylow’s q–group, the composed map Q ↪→ G→ G/P is a monomorphism,

since Q∩P = {e}. Considering a generator of G/P = Q, and lifting to an element of Q ⊂ G via the

above map, we arrive at the situation of a semidirect product: the group G is determined by the

conjugation bab−1 = ak where a is a generator of P . Denoting this conjugation as a homomorphism

φ : Q→ Aut(P ), we see that φl(a) = akl and the order of Aut(P ) = (Z/pZ)∗ = Z/(p−1)Z is equal

to p − 1. Clearly, φq = e, hence akq = e and since q | (p − 1), this makes sense. It turns out that

for all k as above the resulting semidirect products Z/pZ o Z/qZ are isomorphic. Hence

Theorem 1.2. Let G be a group of order pq where p and q are primes. Then either G is the cyclic

group Z/(pq)Z or G is the semidirect product Z/pZ o Z/qZ.

Corollary 1.3. There are two non–isomorphic groups of order 21.


