
ADVANCED ALGEBRA, LECTURE VII, MARCH 24TH

1. Classification of groups of small order

In this lecture, we continue to classify groups of small order. So far we were using the counting

formula and semidirect products for that. Next, we prove Sylow’s theorems which will allow us to

further extend our classification.

1.1. More on semidirect products. Recall our main formula so far (”the counting formula”).

Given a finite group G and a finite set M acted upon by G, the formula reads:

#M =
∑
s∈M

#Os =
∑
s∈M

#(G/Gs),

where Os is the orbit of G through a point s ∈ M which is identified with the left coset space

G/Gs. Here Gs ⊂ G is the stabilizer of s ∈M under the action of G, a subgroup of G.

We introduced the notion of a semidirect product. Let G be a finite group, and N ⊂ G a normal

subgroup. Thus, G/N is also a group. This data can be written in the form of the sequence:

1→ N → G→ G/N → 1,

called ”a short exact sequence of groups”. At the moment, this means that N is a subgroup of

G and G/N is the quotient group.

Conversely, given two groups H (which will play the role of G/N) and N , the semidirect product

allows to construct a group out of H and N . The data that is needed to do that is as follows: there

is a right action of H on N . Recall that a right action of a group G on a set M is a homomorphism

φ : G→ Aut(M), such that for g1, g2 ∈ G and s ∈M

φg1g2(s) = φg2(φg1(s)).

Given a right action of H on N , we define G, as a set, to be the Cartesian product H ×N with

the multiplication on H ×N given by the formula:

(h1, n1) · (h2, n2) = (h1h2, φh2(n1)n2),

for h1, h2 ∈ H and n1, n2 ∈ N . To ensure that the above rule gives us a well–defined group, we

need to check the associativity condition, i.e.

((h1, n1) · (h2, n2)) · (h3, n3) = (h1, n1) · ((h2, n2) · (h3, n3)).

Writing out the products of both sides, we obtain

(h1h2h3, φh3(φh2(n1)n2)n3) = (h1h2h3, φh2h3(n1)φh3(n2)n3).
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Now, φ being a homomorphism, we get

φh3(φh2(n1)n2)n3 = φh3(φh2(n1))φh3(n2)n3,

and

φh2h3(n1) = φh3(φh2(n1))

,

since φ is the right action of H on N (that is, φh2h3 = φh3 ◦ φh2).

The rest of axioms of a group is easily verified and we skip this verification. Thus, the data

consisting of the set H ×N and of the right action of H on N give rise to the group structure on

H ×N .

Definition 1.1. The semidirect product of H and N is the group defined above. It is denoted by

H oN .

1.2. Classification of groups of order 6. Consider the symmetric group S3 of order 6. The

cyclic subgroup N generated by the permutation (123) is normal since it is of index 2. The subgroup

H generated by the transposition (12) acts by conjugation on N as follows:

(12)(123)(12)−1 = (12)(123)(12) = (132).

Thus, S3 is the semidirect product of H and N with the action above, i.e. S3 = Z/2Z o Z/3Z.

Are there other ways to form a semidirect product of Z/2Z and Z/3Z? For that, we need to

consider homomorphisms from Z/2Z to Aut(Z/3Z). The latter group has two automorphisms: one

is the trivial automorphism, and another one sending a to a−1 where a is a generator of Z/3Z. The

first case, giving the trivial action of Z/2Z on Z/3Z leads to the direct product Z/2Z× Z/3Z and

in the second case we obtain the group S3 just described.

Note that the direct product Z/2Z×Z/3Z is isomorphic to the cyclic group Z/6Z, by the Chinese

reminder theorem. We can now complete the classification of groups of order 6. If such a G is not

cyclic, then there should be elements of order 2 and/or of order 3. Assuming that all the elements

have order 2, the group G must be commutative. In fact, such a group is a vector space over the

field of two elements Z/2Z and the dimension of this vector space is equal to 3. Therefore, in this

case G is isomorphic to Z/2Z× Z/2Z× Z/2Z.

If not all the elements of G have order 2, then there is an element of order 3 and we are in one

of the situations of a semidirect product described above. To conclude, if G has order 6, then it is

one of the following groups:

(1) Z/6Z;

(2) Z/2Z× Z/2Z× Z/2Z;

(3) S3.

1.3. Classification of groups of order 8. The construction of semidirect products will allow us

to classify groups of order 8.

Let G be such a group. The order of elements of G are either equal to 2, or 4, or 8. Again, if all

the elements have order 2, then G is commutative and is a vector space over Z/2Z, as in the case
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of groups of order 6. Thus1, G = Z/2Z⊕4. If G has an element of order 8, then G = Z/8Z; this

covers simple cases of groups of order 8.

More interesting are the cases when the elements of G have orders 2 or 4; if G is not one

of the above cases, there should be an element of order 4 in G. Such an element generates a

cyclic group N := Z/4Z, which is a normal subgroup of G. Hence, we are in the situation of a

semidirect product. More precisely, let a denote the generator of N = 〈e, a, a2, a3〉, and denote

π : G→ G/N = Z/2Z the quotient group homomorphism. Let x denote the generator of G/N and

consider an element b := π−1(x) of G, the preimage of x under π.

The structure of G will be determined by the order of b in G and the action of b on a by the

conjugation. Let us first see what we can say about the element b. Taking its square b2, we see

that π(b2) = (π(b))2 = e in G/N , hence b2 ∈ N = 〈e, a, a2, a3 = a−1〉. There are the following

possibilities:

b2 =


e

a

a2

a3 = a−1

In fact, the case b2 = a−1 . . . so we can restrict ourselves to the first three cases for b2.

Now, the conjugation of N with the help of b is completely determined by the result of bab−1;

the latter is another generator of N , since it has the order 4, hence should be equal to either a or

a−1. The table below depicts the possible cases according to the values of b2 and bab−1:

b2 = e b2 = a b2 = a2

bab−1 = a Z/2Z× Z/4Z Z/8Z Z/2Z× Z/4Z
bab−1 = a−1 Z/2Z o Z/4Z @ Q8

The case corresponding to b2 = a and bab−1 = a−1 does not exist since using the two relations

we obtain a2 = e whereas a has order 4. Otherwise, we obtain that there are five non–isomorphic

groups of order 8, of which three are abelian and two are non–abelian. The first non–abelian group

is the semidirect product Z/2Z o Z/4Z, similar to the semidirect product presentation of S3. As

S3 is the group of symmetries of equilateral triangle, the group Z/2Zo Z/4Z is isomorphic to the

group of symmetries of a square, with the element a being the rotation by the angle π
2 and b being

the reflection across the vertical line through the middle point of the square. More generally, given

a regular n–polygon, consider its group of symmetries. This gives:

Definition 1.2. The dihedral group of order 2n, denoted D2n, is the group on two generators a, b

with the following relations:

G = 〈a, b | an = e, b2 = e | bab−1 = a−1〉.

1The sign ⊕ denotes the direct sum; for abelian groups, direct products and direct sums coincide.
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The most interesting group among groups of order 8 is the group denoted Q8 whose presentation

is as follows:

Q8 = 〈a, b | a4 = e, b2 = a2 | bab−1 = a−1〉.
It is called the quaternion group. The reason for its name is that it has another description:

consider the four complex matrices

E, I =

(
i 0
0 −i

)
, J =

(
0 1
−1 0

)
, K =

(
0 i
i 0

)
;

then one checks that the assignment e→ E, a→ I, b→ J, ab→ K preserves the relations in Q8.

The set of element of Q8 can then be identified with eight matrices ±E,±I,±J,±K. The matrices

I, J,K have the property I2 = J2 = K2 = −E and appear a basis of the quaternion algebra; we

are going to talk more about this algebra later on. The assignment e→ E, a→ I, b→ J, ab→ K

is example of a linear representation; linear representations of finite groups will be the subject

of the next part of the course.

1.4. Existence of order p elements. We are going to prove a useful statement to further extend

the classification of groups of small order. Let G be a finite group of order N and let p be a prime

divisor of N . Then

Theorem 1.1. There is an element g ∈ G such that g has order p.

Proof. The proof is an application of the ”counting formula”. We first observe that if G is abelian

then such an element of order p exists (see the proof given in the class). If G is non–abelian then we

can assume every subgroup H ⊂ G having the index not coprime with p. Indeed, if every subgroup

H ⊂ G has the index coprime with p, that is p divides the order of H, then by induction on the

cardinality of a group we can find an element of order p in H and then consider that element as

an element of G. Thus, in the above assumption on subgroups’ indices, consider the conjugation

action of G on itself and write the ”counting formula” for that action:

#(G) = #(Z(G)) +
∑
g∈G

#(G/Cg),

where Z(G) is the center of G and Cg is the centralizer of g ∈ G. Under our assumptions, p

divides #(G) and #(G/Cg) for every g ∈ G. Thus, p divides #(Z(G)) as well and #(Z(G)) ≥ p.

The group Z(G) being abelian, we can find an element of order p in it. This also gives a sought–for

element of order p in G. �

1.5. Classification of groups of order 2p where p is a prime. Let G be a finite group of

order 2p. By Theorem 1.1 there exists an element a ∈ G that has order p. The cyclic subgroup

〈a〉 generated by g has index two in G and hence is a normal subgroup. Assuming that G is not

cyclic, i.e. G is not isomorphic to Z/2pZ, consider the quotient group G/〈a〉 which is isomorphic

to Z/2Z. Let b ∈ G be an inverse image of the generator of G/〈a〉 under the quotient map. Then

b2 ∈ G/〈a〉 and hence b2 = e. Indeed, any non–trivial element of 〈a〉 has order p and if b2 6= e the

order of b would be equal to 2p and G would be the cyclic group of order 2p.

Thus, we are in the situation of semidirect product described above. Write any element g ∈ G
as g = ga−1a. Then either ga−1 = e or ga−1 = b (consider the quotient map G → G/〈a〉). The
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multiplication in G is completely determined by the conjugation action of b on a: either

bab−1 = a

or

bab−1 = a−1.

Indeed, the conjugation action of b on a gives rise to a homomorphism from Z/2Z to Aut(Z/pZ).

This is given by an element of order two in Z/pZ, but the latter is a field and hence there are

exactly two such elements (the solutions to the equation x2 − 1 = 0 over Z/pZ).

The first case corresponds to the direct product Z/2Z×Z/pZ. But this group is also isomorphic

to the cyclic group Z/2pZ as (b, a) ∈ Z/2Z × Z/pZ has the order 2p. In the second case, we get

the semidirect product Z/2Z o Z/pZ, the dihedral group D2p.

2. Sylow’s theorems

Let G be a finite group and p be a prime number. Recall

Definition 2.1. A group G is called p–group if the order of G is equal to pm for some m > 0.

Given an element g ∈ G, by Largange’s theorem we know that the order of g divides N by

considering the cyclic subgroup 〈g〉 of G generated by g. In the opposite direction, one may ask,

given a divisor k of N , whether there always exists a subgroup of G of order k. This is not always

the case, as the following example shows: the group A4 of order 12, the group of symmetries of

regular tetrahedron, does not contain a subgroup of order 6. The reason is, if such a subgroup

H existed, it would contain a normal subgroup K of order 3 and then H would be equal to the

normalizer of K. However, the normalizer of any subgroup of A4 of order 3 is the whole A4.

It turns out that a partial converse statement on the existence of subgroups is still true. Precisely,

let G be a finite group of order N = pm ·n where m = ordp(N), i.e. the largest power of p dividing

N .

Definition 2.2. A subgroup H ⊂ G of order pm is called Sylow’s subgroup of G.

This definition is justified by the following Sylow’s theorems that assert (for convenience, we

assemble these theorems in one statement):

Theorem 2.1. (1) Sylow’s subgroup exist.

(2) Any p–subgroup of G is contained in a Sylow’s subgroup of G.

(3) All Sylow’s subgroups are conjugated to each other.

(4) The number of Sylow’s subgroups in G divides the order of G and is equal to 1 mod (p).

Proof. The proof of (1) is very similar to that of Theorem 1.1. We can assume that the indices of

all subgroups of G are not coprime to p since otherwise we can pick a subgroup H whose index is

coprime to p, i.e. #(H) = pm · k for some k, and find, by induction, a subgroup of H of order pm;

such a group will be a Sylow’s subgroup of G too. Under the assumption on subgroups’ indices,

we write again the ”counting formula”

#(G) = #(Z(G)) +
∑
g∈G

#(G/Cg),
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and, as before, we see that #(Z(G)) is divided by p, hence Z(G) is non–trivial. The center being

a normal subgroup, we form the quotient G/Z(G) and find a Sylow’s subgroup H ⊂ G/Z(G). The

inverse image of H in G is a subgroup whose order is equal to #(H) ·#(Z(G)) = pm.

To prove (2), let H be a p–subgroup of G. Pick up a Sylow’s subgroup P of G, which exists by

(1), and consider the orbit OP of P under the conjugation action c of G. The orbit OP consists

of all Sylow’s subgroups P ′ that are conjugated to P , i.e. P ′ = gPg−1 for some g ∈ G. Recall also

that the stabilizer of a subgroup under the conjugation action is the normalizer of the subgroup,

i.e. StabP = NG(P ) = {g ∈ G | gPg−1 = P}.
The normalizer NG(P ) contains P as a subgroup, and since the index of P is prime to p (recall

that P is a a Sylow’s subgroup, hence a maximal p–subgroup of G), the cardinality of the orbit

OP is also prime to p. Indeed, the orbit OP is identified with the left coset space G/NG(P ).

Now return to our p–subgroup H of G. We can restrict the conjugation action on OP to H.

The set OP is now broken up into orbits under the action of H. If all such orbits are non–trivial,

then the cardinality of any orbit is a power of p, since H is a p–group and hence any subgroup of

H is also a p–group. Were it the case, the cardinality of OP would then be divided by p, but this

cardinality is prime to p by the above paragraph. Hence, there are one–element orbits of H in OP .

Precisely, these are Sylow’s subgroups P ′ ⊂ G, such that hP ′h−1 = P ′ for all h ∈ H.

If H preserves P ′ under conjugation, the product HP ′ becomes a group:

HP ′HP ′ = HP ′H−1HHP ′ = P ′HP ′ = HH−1P ′HP ′ = HP ′P ′ = HP ′.

Observe that, on the one hand, HP ′ contains P ′, a maximal p–subgroup of G and on the other

hand, HP ′ is itself a p–group too2, both H and P ′ being p–subgroups. Since P ′ is a maximal

p–subgroup, HP ′ coincides with P ′. This implies that H is contained in P ′.

To prove (3), consider a Sylow’s subgroup P and its conjugation gPg−1 by an element of G.

The latter group, being a p–subgroup of G, is contained in another Sylow’s subgroup P ′ by (2).

Since gPg−1 and P ′ have the same orders, they should coincide, i.e. gPg−1 = P ′, meaning that P

and P ′ are conjugated to each other.

To prove (4), let G act again on the set M of Sylow’s subgroup by conjugation. By (3), all

Sylow’s subgroups are conjugated, hence form the single orbit for this action. Picking up a Sylow’s

subgroup P , its stabilizer is the normalizer NG(P ) of P in G. Then #(M) = #(G)/#(NG(P ))

and hence #(M) divides #(G).

For the second part of (4), pick up a Sylow’s subgroup P and consider the conjugation action

of P on M . Then M is again broken up into orbits under this action and the claim is that there

is the single one–element orbit consisting of P while all the other orbits are non–trivial and hence

their cardinalities are divided by p. This again follows from the fact that the stabilizer of such an

orbit is a proper subgroup of P , hence itself a p–group. �

Sylow’s theorems are a powerful tool for extending the classification of finite groups. We will

see more examples of such applications later.

2This requires a little bit more of an argument to be supplied later.


