
6. p-adic calculus

The field Cp.

The function vp extends in a unique way from Q∗p to its algebraic closure Qp
∗ with the

formula vp(x)
def
= 1

deg x
vp(NQp(x)/Qp(x)) with values in Q and defines (after one chooses

1 < s ∈ R) a nonarchimedean (indiscrete) absolute value ||x|| def= s−vp(x) on the field Qp.

Definition-Theorem 6.1. Let Cp (the Tate field) be the completion of the field Qp

with respect to the absolute value defined above. Then Cp contains some elements which
are transcendental over Qp.

Proof. Search x in the form x =
∞∑
i=0

ζip
i where ζ0 = 1 and all the ζi are roots of unity of

degrees not divisible by p with the additional property that ∀ i ζi ∈ Qp(ζi+1). Such an ele-
ment in fact is contained in the completion of the maximal unramified subfield Qnr

p ⊂ Qp.

Let xn =
n∑
i=0

ζip
i. Then vp(x − xn) = n + 1. Let kn = Qp(ζn−1). Suppose x is al-

gebraic over Qp. Let Kn - be a finite Galois extension of kn which contains ζn (hence
also xn) and x. Define Gn = Gal (Kn/kn). Suppose σ, τ ∈ Gn act differently on ζn,
so that σ(ζn) 6= τ(ζn). Then vp(σ(xn) − τ(xn)) = vp(σ(ζn) − τ(ζn)) + n = n as dif-
ferent roots of unity have different residues modulo the maximal ideal in OQnr

p
(recall

that this ideal is generated by p and the residues themselves take values in Fp). At the
same time vp(σ(x) − σ(xn)) = vp(x − xn) = n + 1 and the same is true for τ . Since
σ(x)− τ(x) = (σ(xn)− τ(xn)) + (σ(x)− σ(xn))− (τ(x)− τ(xn)) one concludes by using
Theorem 2.4 that vp(σ(x)− τ(x)) = n thus σ(x) 6= τ(x).
If x is algebraic over Qp of degree d, then it is algebraic over kn of degree no more than d
hence there exist no more than d conjugates to x over kn. Now choose the sequence ζi mak-
ing the degree of ζi over the fieldQp(ζi−1) tend to infinity. The order of the group Gn (thus
the number of conjugates to x) then also tends to infinity which leads to a contradiction�

Theorem 6.2. (Krasner’s lemma).

Suppose k is a field complete with respect to a non-archimedean absolute value || ||,
the latter could thus be uniquely extended to the algebraic extensions. Suppose P ∈ k[T ]
is a monic separable polynomial with the roots α = α1, α2, . . . αn ∈ ksep. Suppose
β ∈ ksep and ∀i ≥ 2 ||α− β|| < ||α− αi||. Then α ∈ k(β).
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Proof. If α′ is conjugate to α over k(β) (i.e. ∃σ ∈
∑k/k(β)

k/k(β)
such that σ(α) = α′) then

||α−β|| = ||α′−β|| (the absolute values of conjugate elements coincide since the absolute
value extends in a unique way). Since α and α′ both are roots of P , one may apply the
strict triangle inequality to the formula α−α′ = (α−β)−(α′−β) the result contradicting
to the assumption of the theorem �
The particular case of the theorem (β ∈ k while P = Pα ,k) proves that no α which is alge-
braic over k may admit rational approximation more close to α than some of its conjugates.

Theorem 6.3. Cp is algebraically closed.

Proof. Suppose α ∈ Cp, the roots of P def
= Pα,Cp being α = α1, α2, . . . αn ∈ Cp.

WLOG one may suppose that α is integral over OCp (otherwise multiply α with a suit-
able constant) hence P ∈ OCp [T ]. Choose a monic polynomial Q ∈ OQp

[T ] which enjoys

the property vp(Q−P ) > n max
i≥2

vp(α−αi) where vp(a polynomial)def= min vp(coefficients).

Suppose {βi} are the roots of Q. Then
∑
i

vp(α − βi) = vp(Q(α)) = vp(Q(α) − P (α)) ≥

vp(Q − P )) > n max
i≥2

vp(α − αi). Therefore ∃i such that vp(α − βi) > max
i≥2

vp(α − αi)

Using the Krasner lemma one concludes that α ∈ Cp(βi) = Cp.�

Power series.

Definition-Theorem 6.4. For a power series F (T ) =
∞∑
i=0

aiT
i ∈ Cp[[T ]] define vp(F )

def
=

lim inf vp(ai)

i
. (vp(F ) may be finite or equal to either +∞ or −∞). Then F (x) converges

if vp(x) > −vp(F ) and defines a continuous function. If vp(x) < −vp(F ) then F (x) does
not converge.
Proof. Since the absolute value is nonarchimedean one may apply Theorem 2.11. The
power series F (x) converges iff lim

i→∞
(vp(ai)+ ivp(x)) =∞. This means that ∀ C > 0 ∃ i(C)

such that for i > i(C) vp(ai)

i
+ vp(x) >

C
i
which is the same as (using the definition of

vp(F )) for i > i(C) vp(ai)

i
− lim inf vp(ai)

i
+ vp(F ) + vp(x) >

C
i
. Clearly the last inequality

holds provided vp(F ) + vp(x) is a positive constant and cannot hold if that constant is
negative. This proves the statement concerning convergence. For the proof of conitinuity
see Problem 51�
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Definition 6.5. The Newton polygon N(F ) of a power series F (T ) = 1 +
∞∑
i=1

aiT
i ∈

1 + TCp[[T ]] is a lower convex hull of the points (i, vp(ai)) on the plane. The Newton
polygon may coincide with the lower half of the vertical axis. If this is not the case then
the strictly increasing sequence of slopes λj(F ) of the segments is defined; the length of
the projection of the corresponding segment onto the horisontal axis is called the length
of that slope.
If the power series F (T ) is a polynomial of degree n then its Newton polygon ends in the
point (n, vp(an)). If the power series is not a poliynomial while the sequence of slopes is
finite then the maximal slope has infinite length.

Informally speaking, in order to costruct the Newton polygone one turns the lower verti-
cal semiaxis anti-clockwise. When it meets the point (i, vp(ai)) one drives in a nail and
supports the semiaxis with a hinge. If the semiaxis meets several points at the same time
one drives in a nail choosing the last (righthand direction) point. The procedure stops
if the semiaxis meets infinite number of points at the same time or else if the successive
turns are blocked with the infinite number of points, the directions to which from the last
nail tend to the direction from next-to-the-last nail to the last one (even if the semiaxis
does not meet these points).

Theorem 6.6. vp(F ) = supλj(F ). Suppose vp(x) = −vp(F ). The power series F (x)
converges iff the list of slopes of the Newton polygon N(F ) is finiite and the vertical
distance between the points (i, vp(ai)) and the infinite segment of N(F ) tends to infinity.

Proof. The maximal slope λmax(F ) (if it is finite) coincides with vp(F ) = lim inf vp(ai)

i

by the definition of N(F ). The affine equation of the infinite segment of N(F ) looks
like c + λmaxi while the vertical distance mentioned in the formulation of the theorem
equals a(i) − c − λmaxi. If vp(x) = −vp(F ) then vp(aix

i) differs from the said distance
by a constant so that they both either do tend or do not tend to infinity simultaneously �

Theorem 6.7. Suppose k ⊂ Cp is a subfield complete with respect to the absolute value,
F (T ) ∈ 1+Tk[T ] a polynomial. Then F (T ) =

∏
Fλj(F ), Fλj(F ) ∈ k[T ], degFλj(F ) = lj(F )

and for each root α ∈ Cp of the polynomial Fλj(F ) one has vp(α) = −λj(F ).

Proof. Suppose F (T ) = 1 +
n∑
s=1

asT
s =

n∏
i−1

(1 − T
αi
), define λi

def
= −vp(αi). Let the

roots be ordered so that λ1 ≤ · · · ≤ λn (this means that the absoute value of the roots
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does not decrease). Suppose that λ1 = · · · = λr < λr+1. Since the coefficients of F (T )
are elementary symmetric functions on α−1i one concludes that vp(ai) ≥ iλ1 (for any
i ≥ 1), vp(ar) = rλ1(as the term α−11 . . . α−1r dominates all the other terms of ar) and
vp(ar+1) > (r + 1)λ1. This means that the first segment of N(F ) connects the points
(0, 0) and (r, vp(ar)). These calculations could be repeated for each successive collection
of equal λi hence the statement of the theorem. Since the function vp is Galois-invariant,
the polynomials Fλj(F ) have coefficients in k�

Theorem 6.8 (Weierstrass theorem, Cp - version).
1) Suppose F (T ) ∈ 1+ TCp[[T ]] is a power series such that F (x) converges for all x such

that vp(x) ≥ −λ. Define n(λ, F ) def=
∑

λj(F )≤λ
lj(F ) (if the sum contains the length of the

maximal slope which is infinite then make an agreement that the corresponding segment
ends in the last point (i, vp(ai)) lying on it).
Then ∃!H(T ) ∈ 1+TCp[T ], degH = n(λ, F ) and G(T ) ∈ 1+TCp[[T ]] such that F (T ) =
H(T )G(T ) where G(x) converges to some nonezero element of Cp for all x |vp(x) ≥ −λ.
The Newton polygon N(H(T )) coincides with the part of the Newton polygon N(F (T ))
situated between the points (0, 0) and (n(λ, F ), vp(an(λ,F ))).
2) Suppose F (T ) ∈ 1+TCp[[T ]] converges for all x ∈ Cp. Let {αk, 1 ≤ k ≤ ∞} be the list
of zeros of the function F (x) ordered by decreasing vp(αk). Then ∀r#(k |vp(αk) ≥ r) <∞
and the infinite product

∞∏
k=1

(1− α−1k x) converges to F (x) for all x ∈ Cp.

Proof. See Problem 52�

Problems.

51. Prove the continuity statement from Definition-Theorem 6.4.
52. Prove the Weierstrass theorem 6.8.
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