
MATH IN MOSCOW BASIC REPRESENTATION THEORY

LECTURE 4. EXAMPLES OF REPRESENTATIONS. CHARACTERS

1. One-dimensional representations

Consider some examples first.

Exercise 1.1. The quaternion group Q8 is generated by the elements i, j, ε such that ε2 = e,
εi = iε, εj = jε, i2 = j2 = ε, ij = εji. Find all its 1-dimensional complex representations.

Exercise 1.2. The dihedral group Dn is generated by a rotation a and a reflection s such that
an = s2 = e, sas = a−1. Find all 1-dimensional complex representations of the group Dn. Note
that the answer depends on the parity of n.

For more general approach let us recall useful constructions from Group Theory.

Definition 1.3. Let G be a group, for any a, b ∈ G define the commutator [a, b] by [a, b] :=
aba−1b−1. Define the derived subgroup [G,G] as a subgroup generated by the set of elements
{[a, b] | a, b ∈ G}.

Proposition 1.4. Let G be a group, then:
a) [G,G] is a normal subgroup in G;
b) the quotient group G/[G,G] is abelian;
c) the subgroup [G,G] is a minimal subrgroup of G among the normal subgroups H of G with

the property that the quotient group G/H is abelian.

Exercise 1.5. Prove this proposition.

Proposition 1.6. Assume G is a group, p : G → G/[G,G] is a canonical projection. For every
one-dimensional representation α : G/[G,G] → F∗ we define the one-dimensional representation
ᾱ : G → F∗ by ᾱ = α ◦ p. The map α 7→ ᾱ is a bijection between the set of one-dimensional
representation of the group G/[G,G] and the set of one-dimensional representation of the group
G.

Exercise 1.7. Prove this proposition.

Recall an important one-dimensional representation of the group Sn.

Exercise 1.8. Show that for every natural number n there exists a unique map sgn : Sn → {1,−1}
such that:

(1) the map sgn is a homomorhism of groups;
(2) sgn(1, 2, . . . , k) = (−1)k+1.

Exercise 1.9. Show that [Sn, Sn] = An, where An := sgn−1(1).

Exercise 1.10. Find all 1-dimensional complex representations of the group Sn.
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Exercise 1.11. Find all 1-dimensional complex representations of the group A4.

2. Geometrical constructions of representations

Exercise 2.1. Consider an equilateral triangle on the plane with the center at the point (0, 0).
The symmetric group S3 acts on this triangle by permutations of its vertices. Show that the
corresponding 2-dimensional representation T of the group S3 over R is irreducible. Now let us
consider those real-valued matrices T (σ), σ ∈ S3 as complex-valued. Show that the corresponding
complex representation TC of the group S3 over C is also irreducible.

Exercise 2.2. Consider a regular tetrahedron in the Euclidean space R3 with the center at the
origin. Denote by O(T ) the set of isometries of R3 preserving the tetrahedron. Also put SO(T ) =
{A ∈ O(T ) | det(A) > 0}. Show that

O(T ) ' S4, SO(T ) ' A4. (2.1)

Exercise 2.3. Consider a cube in the Euclidean space R3 with the center at the origin. Denote by
O(C) the set of isometries of R3 preserving the cube. Also put SO(C) = {A ∈ O(C) | det(A) > 0}.
Show that

O(C) ' S4 × Z2, SO(T ) ' S4. (2.2)

Exercise 2.4. Show that the three-dimensional real representations of the group A4 determined
by the motions of the regular tetrahedron and the cube are irreducible.

Thus, we get also two three-dimensional irreducible real representations of the group S4. Because
their dimensions are odd, the complexifications of those representations are also irreducible.

Exercise 2.5. Is the representation of the group S4 in R3 determined by the motions of the regular
tetrahedron isomorphic to the representation of the same group determined by the motions of the
cube?

Exercise 2.6. Is the representation of the group A4 in R3 determined by the motions of the regular
tetrahedron isomorphic to the representation of the same group determined by the motions of the
cube ?

Exercise 2.7. Let k ∈ Z. Define a 2-dimensional complex representation Tk of the group Dn as

Tk(a) =

(
cos 2πk

n
sin 2πk

n

− sin 2πk
n

cos 2πk
n

)
Tk(s) =

(
1 0
0 −1

)
Check that the representation Tk is well-defined for all integer k. When is the representation Tk

irreducible ?
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3. Character of a representation

Definition 3.1. Assume that T : G → GL(V ) is a representation over a field F. Define the
character χT : G→ F of the representation T by

χT (g) := Tr(T (g)), g ∈ G. (3.1)

Proposition 3.2. a) χT (e) = dim(T );
b) χT (hgh−1) = χT (g), ∀g, h ∈ G;
c) χT is constant on the conjugacy classes of the group G;
d) χT⊕S = χT + χS;
e) χT⊗S = χT · χS.

Exercise 3.3. Prove this proposition.

Question 3.4. Assume that T : G→ GL(V ) is a representation over R. Is it always true that

χTC = χT ? (3.2)

Exercise 3.5. Assume that T : G → GL(V ) is a complex representation. Can we express the
character χΛ2T using χT ?

Chapters from the textbooks relevant for the lecture:

• Fulton, Harris, Sections 1.3, 2.1;
• James, Liebeck, Sections 10-13.
• Vinberg, Sections 1-4, A.1, A.4.
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