
MATH IN MOSCOW BASIC REPRESENTATION THEORY

LECTURE 8. LIE ALGEBRAS

1. The tangent space of a matrix Lie group at the identity

There are two ways how we can introduce Lie algebras. We are going to begin with a geometric
definition.

Definition 1.1. Assume G ⊂ GL(Fn) (F = R or C) is a matrix Lie group. Consider the set PIdG
of functions A : R→ G ⊂ Matr(n× n,F) such that the following conditions hold:

1) A(t) is smooth;
2) A(0) = Id.
Then the tangent space at the point Id is defined as

TId(G) = {A′(0) |A ∈ PIdG}. (1.1)

The tangent space TIdG is called the Lie algebra of the group G and is usually denoted by the
corresponding Gothic lowercase letter g.

Question 1.2. Assume A,B ∈ PIdG. Does the function A ·B have to belong to PIdG ?

Exercise 1.3. Show that TIdG is a subspace of the vector space Matr(n× n,F).

Definition 1.4. Assume G ⊂ GL(Fn) (as everywhere in this section F = R or C) is a matrix Lie
group. Then by its dimension we are going to call the dimension of its Lie algebra:

dimG := dim(TIdG). (1.2)

Exercise 1.5. Find the Lie algebras and their dimensions for the Lie groups GLn(F), GAn(F).

Exercise 1.6. Find the Lie algebras and their dimensions for the Lie groups UTn(F), UUTn(F).

Exercise 1.7. Find the Lie algebra of the Lie group of invertible diagonal matrices.

Exercise 1.8. Find the Lie algebra of the Lie group invertible matrices of the form

(
A B
0 C

)
,

where The diagonal blocks are squares.

Exercise 1.9. Assume A ∈ PIdGL(Fn). Simplify the expression (det(A(t))′t=0.

Exercise 1.10. Find the Lie algebra and its dimensions for the Lie group SLn(F).

Exercise 1.11. Find the Lie algebras and their dimensions for the Lie groups SOn(F), Spn(F).
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Exercise 1.12. Find the Lie algebra and its dimensions for the Lie group SUn.

Exercise 1.13. Show that the map exp : su2 → SU2 is not injective.

Exercise 1.14. Assume that G ⊂ GL(Fn) (F = R or C) is a matrix Lie group A ∈ PIdG. Express
((A(t))−1)′ using A′(t).

Proposition 1.15. Assume G is a matrix Lie group and X, Y ∈ TIdG. Then XY − Y X ∈ TIdG.

Exercise 1.16. Prove that proposition.

2. An algebraic definition of a Lie algebra

Definition 2.1. Assume that g is a vector space over a field F and a mapping

g× g→ g, (X, Y ) 7→ [X, Y ] ( a commutator)

satisfies the following conditions:

(1)
[aX + bY, Z] = a[X,Z] + b[Y, Z],

[Z, aX + bY ] = a[Z,X] + b[Z, Y ],

∀X, Y, Z ∈ g, ∀a, b ∈ F ;

(2) [X,X] = 0, ∀X ∈ g;
(3)

[X, [Y, Z]] + [Z, [X, Y ]] + [Y, [Z,X]] = 0,

∀X, Y, Z ∈ g ( the Jacobi identity).

Then g is called a Lie algebra over the field F . By definition, the dimension of the Lie algebra g
over the field F is the dimension of the linear space g over the field F .

Definition 2.2. Assume that g and h are Lie algebras over a field F. Then a map φ : g → h is
called Lie algebras homomorphism if φ ∈ Hom(g, h) and

φ([X, Y ]) = [φ(X), φ(Y )], ∀X, Y ∈ g (2.1)

A bijective homomorpism of the Lie algebras is called an isomorphism of the Lie algebras.

Exercise 2.3. Classify all Lie algebras of dimension 2 up to an isomorphism.

Exercise 2.4. Let A be an associative algebra. Put [X, Y ] := XY − Y X for arbitrary X, Y ∈ A.
Show that A is a Lie algebra.

Chapters from the textbooks relevant for the lecture:

• Fulton, Harris, Sections 8.1, 8.2;
• Hall, Sections 3;
• Vinberg, Section 10.
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