
MATH IN MOSCOW BASIC REPRESENTATION THEORY

LECTURE 13. IRREDUCIBLE CHARACTERS OF SYMMETRIC GROUPS

1. Notation

Definition 1.1. We will call a finite sequence of positive integers λ = (λ1, λ2, . . . , λk) a partition
(of a number n) if:

(1) λ1 ≥ λ2 ≥ · · · ≥ λk > 0;

(2) |λ| :=
∑k

j=1 λj = n.

Also define the length of partition l(λ) := k. And we put

mj(λ) := #{i |λi = j} (1.1)

With every partition λ we associate a Young diagram Dλ with λj boxes in the j-th row, the rows
of boxes lined up on the left. The conjugate partition λ′ is obtained by interchanging the rows and
the columns in the Young diagram Dλ.

Exercise 1.2. Find the generating function for the number of partitions of n.

Definition 1.3. Assume ρ is a partition of n. Denote by Mρ the subset of the group Sn consisting
of elements of the cycle type ρ.

Exercise 1.4. For a partition ρ of n put

zρ =

l(ρ)∏
j=1

jmj(ρ)((mj(ρ))!) (1.2)

Show that

|Mρ| =
n!

zρ
. (1.3)

There is a natural way to parametrize irreducible complex representations of the symmetric
group by the partitions of the number n. We are not going to discuss that construction here.

Definition 1.5. Assume λ and ρ are partitions of n. Denote by χλ the character of the irreducible
complex representation of the group Sn corresponding to the partition λ. Let us put:

αλ :=
1

|Sn|
∑
g∈Sn

χλ(g)g ∈ Z(C[Sn]); Cρ :=
1

|Mρ|
∑
g∈Mρ

g ∈ Z(C[Sn]). (1.4)

Also let us denote by χλρ the value of the character χλ at the element of the cycle type ρ.

Proposition 1.6. Assume λ is a partition of n. Then we have the following equality

αλ =
∑
|ρ|=n

χλρ
Cρ
zρ
. (1.5)
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2. Symmetric functions

Definition 2.1. For variables x1, x2, . . . , xm and a partition ρ put

pk(x1, x2, . . . , xm) :=
m∑
j=1

xkj ; pρ(x1, x2, . . . , xm) :=

l(ρ)∏
i=1

pρi . (2.1)

If l(λ) ≤ m we also define

sλ(x1, x2, . . . , xm) :=
det(xλi+m−ij )1≤i,j≤m

det(xm−ij )1≤i,j≤m
=

det(xλi+m−ij )1≤i,j≤m∏
1≤i<j≤m(xi − xj)

. (2.2)

Instead of polynomials pρ and sλ we can consider their projective limits in the category of graded
algebras as the number of variables tend to infinity. But for the main results of the lecture about
the group Sn it is sufficient to take the number of variables greater than n. pρ and sλ are called
the Newton functions and the Schur functions respectively.

3. Frobenius formula

Proposition 3.1. Assume λ is a partition of the number n. Then we have the equality

sλ =
∑
|ρ|=n

χλρ
pρ
zρ
. (3.1)

Assume ρ is a partition of the number n. Then we have the equality

pρ =
∑
|λ|=n

χλρsλ. (3.2)
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