
MATH IN MOSCOW BASIC REPRESENTATION THEORY

LECTURE 14. FROBENIUS FORMULA AND SCHUR-WEYL DUALITY.

1. Frobenius formula and its corollaries

Recall that in the last lecture we have formulated the following result.

Proposition 1.1. (Frobenius formula) Denote by χλρ the value of the irreducible complex character

χλ of the group Sn at the element of the cycle type ρ. Assume that ρ is a partition of the number
n. Then we have the equality

pρ =
∑
|λ|=n

χλρsλ. (1.1)

Now we can obtain information about the characters χλ from the identities of symmetric func-
tions.

Proposition 1.2. Assume |µ| = n then we have

sµ · p1 =
∑
λ

sλ, (1.2)

where the sum runs over the partitions λ such that |λ| = n+ 1 and Dµ ⊂ Dλ.

Definition 1.3. For the dimension of an irreducible complex representation of the group Sn put

dimλ := χλ(e) = χλ1|λ| . (1.3)

Definition 1.4. Recall that
Dλ = {(i, j) ∈ Z2 | 1 ≤ j ≤ λi}, (1.4)

where we assume that the first coordinate increases as one goes downwards. For a cell (i, j) ∈ Dλ

define its hook length as
h(i, j) := λi + λ′j − i− j + 1. (1.5)

Proposition 1.5. Let λ be a partition. Then

dimλ =
|λ|!∏l(λ)
j=1 λj!

∏
1≤i<j≤l(λ)

(λi − λj + j − i) = |λ|!∏
(i,i)∈Dλ

h(i, j)
. (1.6)

Analogously we can obtain a combinatorial algorithm how to compute χλρ .

Definition 1.6. Assume that Dµ ⊂ Dλ. Then the pair (µ, λ) (the difference Dλ \Dµ is called a
border strip if the following conditions hold:

(1) Dλ \Dµ has no 2× 2 squares;
(2) Dλ\Dµ is connected, where we assume that the path can go either horizontally or vertically.

Put ht(λ \ µ) to be equal to the number of rows Dλ \Dµ touches minus one.
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Proposition 1.7. Assume |µ| = n then we have

sµ · pr =
∑
λ

(−1)ht(λ\µ)sλ, (1.7)

where the sum runs over the partitions λ such that |λ| = n+ r, Dµ ⊂ Dλ and Dλ \Dµ is a border
strip .

Proposition 1.8. (Murnaghan–Nakayama rule) Assume that |λ| = |ρ| = n. Then we get

χλρ =
∑
T

(−1)ht(T ), (1.8)

where the sum runs over the sequences of partitions

T = (∅ = λ(0) ⊂ λ(1) ⊂ λ(2) ⊂ . . . λ(l(ρ)−1 ⊂ λ(l(ρ) = λ) (1.9)

such that

(1) (λ(j−1), λ(j)) is a border strip for 1 ≤ j ≤ l(ρ);
(2) |λ(j)| = |λ(j−1)|+ ρj for 1 ≤ j ≤ l(ρ);

and

ht(T ) :=

l(ρ)∏
j=1

ht(λ(j) \ λ(j−1)). (1.10)
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