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1 Introduction
Algorithmically undecidable problems

Let us start with an example of an algorithmically undecidable problem. The
undecidability was proven around 1970 (Davis, Putnam, Robinson, Matijase-
vich): finding out whether a Diophantine equation has solutions is an algorith-
mically undecidable problem:

given a polynomial of several variables with integer coefficients, one
cannot algorithmically decide whether it has integer zeros or not.

This means that there is no algorithm that gets an input (string of character
encoding the polynomial in question), processes it and after some time pro-
vides output “yes” [“no”] if the input polynomial has [does not have] integer
solutions.

One should define what is an “algorithm” here, but first let us note that:

• It is important that input and output are finite objects. One should not
(at least without a special definition) ask whether the problem “given a
real, find out if it is algebraic” (or “given a topological space, find out if it
is connected”) is algorithmically decidable. Here the input is not a finite
object (and it is unclear in what form algorithm should get it).

• We consider here only “deterministic” algorithms: their actions should
not depend on random bits or arbitrary choices.

• One should not ask whether the problem “find out whether there are
infinitely many twin primes” is algorithmically decidable: it is a yes/no
question, but there is no input, so one of the two (constant) algorithms
solves it. (Sometimes the example is more extreme: “find out whether
God exists” is not an algorithmically undecidable problem.)
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• One should not ask whether the problem “find out whether an 1000 ×
1000 image contains a car” is algorithmically decidable. First, it is not
mathematically defined; second, there are only finitely many inputs, so
one may just use a table of answers as an algorithm.

If we replace “integer solutions” by “real solutions” (and still consider poly-
nomials with integer coefficients), then the problem becomes algorithmically
decidable. It follows from Tarski’s results (the decidability of elementary the-
ory of real numbers with addition and multiplication).
Problem 1. “Given a polynomial in one variable with integer coefficients, find
out whether it has real roots.” Is this problem decidable?
Problem 2. In van der Waerden “Moderne Algebra” (1930 edition) one of the
sections (§23) is called “Die Durchführung der Faktorzerlegung in endlichvie-
len Schritten”. This secetion explains an algorithm that, given a polynomial in
one variable with integer coefficients, represents it as a product of polynomi-
als in ℤ[𝑥] that are irreducible (in ℤ[𝑥] or ℚ[𝑥], this is equivalent). Can you
construct such an algorithm?

What is an algorithm?

People spoke about, say, “Euclid’s algorithm” long before, but mathematical
formalizations of this notion (needed if we want to prove that algorithm with
some properties does not exist) appeared in 1930s. In 1936 Turing wrote about
real numbers “whose decimals are calculable by finite means” and describes
machines (that are now calledTuringmachines) as amathematical refinement
of this notion. In the same year Church published a paper where he proposes
“a definition of effective calculability which is thought to correspond satisfac-
torily to the somewhat vague intuitive notion”. Even before that, in 1912, Borel
wrote about “les calculs qui peuvent être réellement effectués” and explained:
“Je laisse intentionnelement de côté la plus ou moins grande longuer pratique
des opérations; l’essentiel est que chacune de ces opérations soit exécutable en
un temps fini, par une méthode sûre and sans ambiguïte”.

The formal definitions that appeared in 1930s turn out to be equivalent.
One of them was in terms of simple imaginary computational device (Tur-
ing machines; similar machines were introduced by Post approximately at
the same time). Other people used some recursive definitions (general recur-
sive functions, by Gödel and Kleene). After these mathematical definition ap-
peared, it becamepossible to prove their equivalence and prove that someprob-
lems are algorithmically undecidable, and it was done in 1930s.
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Problem 3. Find somewhere (say, in Wikipedia) the definition of a Turing ma-
chine and construct a machine that reverses the input string, and estimate the
number of steps as a function of the string length.
Problem 4. Consider partial functions of type ℕ𝑘 → ℕ. Basic functions are
(a) constant 0 function (of 0 arguments); (b) successor function 𝑠(𝑛) = 𝑛 + 1
of one argument; (c) projection functions 𝜋𝑛𝑘(𝑥1, … , 𝑥𝑛) = 𝑥𝑘.

A partial function is called a partial recursive function if it can be obtained
from the basic functions by three operations called substitution, recursion and
𝜇-operation.

The substitution operation constructs the function

𝑓(𝑥1, … , 𝑥𝑘) = 𝑔(ℎ1(𝑥1, … , 𝑥𝑘), … , ℎ𝑛(𝑥1, … , 𝑥𝑘))

out of functions 𝑔, ℎ1, … , ℎ𝑛 of matching types.
The recursion operation constructs the function 𝑓 such that

𝑓(0, 𝑦1, … , 𝑦𝑘) = 𝑔(𝑦1, … , 𝑦𝑘);
𝑓(𝑛 + 1, 𝑦1, … , 𝑦𝑘) = ℎ(𝑛, 𝑦1, … , 𝑦𝑘, 𝑓(𝑛, 𝑦1, … , 𝑦𝑘))

out of 𝑔 and ℎ.
The 𝜇-operation is constructs the function

𝑓(𝑦1, … , 𝑦𝑘) = minimal 𝑥 such that 𝐹(𝑥, 𝑦1, … , 𝑦𝑘) = 0

out of 𝐹.
When applied to total functions, the operations of substitution and min-

imization (but not 𝜇-operation) create only total functions. Functions that
can be obtained in this way are called primitive recursive functions. For par-
tial function one should specify how the operations work (if some undefined
value appears in the natural computation, the computation stops and the value
is undefined).

Show that the functions 𝑥 + 𝑦, 𝑥 ⋅ 𝑦, and divisible(𝑥, 𝑦) that is equal to 1 if
𝑥 is divisible by 𝑦 (and 0 otherwise) are primitive recursive functions.

Most algorithms give primitive recursive functions (informally primitive
recursive funtions correspond to programs that use only for-loops but not
while–loops).

In modern times, it is natural to define algorithms as programs in some
programming language. The problems with this approach are that

• usual programming languages have rather complicated and vague defi-
nitions (if any; often the syntax rules are described but the semantics is
left to the reader);
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• most programming languages include some intrinsic restrictions: say, if
all indices are 64-bit integers, only finite amount of memory could be
used in a computation.

Problem 5. Consider a language where a program uses finitely many non-
negative integer variables and is a sequence of numbered lines of the following
forms:

• 𝑎 → 𝑎 + 1 (increase);

• 𝑎 → 𝑎 − 1 if 𝑎 > 0 otherwise goto line 𝑁 (conditional decrease)

Initially all variables (except for the ones that contain inputs) are zeros. After
executing a line, the program goes to the next line unless goto happens. When
(and if) the program reaches the end, the content of some variable (chosen in
advance) is considered as the output of the program.

Show how the standard constructions if–then–else and while–loops
can be implemented. How canwe compute addition andmultiplication? How
can we simulate arrays? (Note that the integers are of arbitrary size.)

Practical compromise

If we work with Turing machines or recursive functions (or the minimal pro-
gramming language described above), definitions are quite simple but one
needs a lot of work to program even a simple computation on this model. If
we use some programming language, then programming is much easier (most
people have programming experience), but the analysis is difficult due to the
complicated definitions.

For many years (starting from 1930s) the textbooks used the first approach
(and either tediously wrote down all the programs or just omitted them saying
that “it is easy to see how to construct such a machine”). Nowmore and more
people refer to the programming experience and do not write the details of
algorithms, just describe “what the algorithm does”. Wewill also refer to some
imaginary “favorite programming language”, but try to note some properties
of this language that should be proved formally if we want to provide a full
proof.

More undecidable problems: semigroups

To specify a finitely presented semigroup, we provide an alphabet 𝐴 and finite
number of equations 𝐿𝑖 = 𝑅𝑖 where 𝐿𝑖 and 𝑅𝑖 are strings (words) over 𝐴. Two
words 𝑋 and 𝑌 are equal in a semigroup if 𝑋 can be obtained from 𝑌 by a

4



finite number of substitutions that replace 𝐿𝑖 by 𝑅𝑖 or vice versa. Undecidable
problem: given a finitely presented semigroup and two strings 𝑋 and 𝑌 , find out
whether they are equal or not.
Problem 6. Prove that if we fix𝐴 that contains only one letter, then the problem
becomes decidable.
Problem 7. Fix 𝐴 = {𝑅, 𝑆} and one equation 𝑅𝑆 = 𝑆𝑅. Construct an algorithm
that, given two strings 𝑋 and 𝑌 in this alphabet, says whether they are equal or
not. The same question for three equations 𝑅𝑅𝑅 = (empty string on the right),
𝑆𝑆 =, 𝑅𝑆 = 𝑆𝑅𝑅.

More undecidable problems: tilings

A tile is a square with colored sides. Given a tileset (=a finite set of tiles), we
want to cover the entire plane with translated copies of these tiles with match-
ing colors (two squares can be placed side-to-side if the colors are the same).

Domino problem: given a tile set, find out whether a tiling exists.

The undecidability of the domino problem was proven in 1960s by Berger
and Robinson.
Problem 8. Show that the one-dimensional version of this problem (segments
with colored endpoints) is decidable.

One can look for periodic tilings that are invariant under two non-collinear
shifts (in other words, periodic tilings are tilings of tori). The problem of find-
ing whether a periodic tiling (with a given tileset) exists is also undecidable.

Philosophical remark: universality

It is a kind amiracle that quite different definitions, computations models and
programming languages lead to equivalent notions of computability. In prac-
tice similar things happen: the same processor hardware could be used for a
washing machine and a sound recorder. Programmers know that some lan-
guages are better for some purposes, but it never happens that a problem can
(in principle, if we forget about technical restrictions) be programmed in lan-
guage 𝐴 but not in 𝐵. One could say that every device except for some com-
pletely trivial ones is Turing universal, i.e., can be programmed to perform ev-
ery algorithm.
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2 Computable functions
Definition. A partial function 𝑓∶ ℕ → ℕ is called computable if there is an
algorithm 𝐹 that computes it. This means that, for every input 𝑛where 𝑓(𝑛) is
defined, the algorithm 𝐹 produces output 𝑓(𝑛). And for every 𝑛 where 𝑓(𝑛) is
undefined, the algorithm does not terminate.
Remarks.

If our programming languagemakes possible for an algorithm to terminate
without producing an output, we consider this case as non-termination.

If we did not require that 𝐹 does not terminate on inputs where 𝑓 in un-
defined, we would get a weaker property (to be a restriction of a computable
function on some set).
Problem 9. Why is this property weaker?
Problem 10. Show that the function 𝑓(𝑛) = 1 if the decimal representation of
𝜋 contains 𝑛 or more sequential zeros (and 𝑓(𝑛) = 0 otherwise) is computable.

This problem illustrates the difference between proving that the function
is computable and providing a specific algorithm that computes it.
Problem 11. Prove that the composition of two computable functions (defined
in a natural way) is a computable function.

Here we use the fact that our programming language allows us to feed the
output of one algorithm into the input of another one.
Problem 12. Is the same true for recursion and 𝜇-operation? What assump-
tions about our programming language we need to make this true?

The computability of functions of several variables can be defined in a sim-
ilar way. Moreover, we can define computability of functions defined on other
“constructive objects” (binary strings, tuples of strings, etc.) assuming that
our programming language allows us to input and output objects of this type.
If the programming language does not work directly with some finite objects
(e.g., finite sets of numbers, or finite graphs, or rational numbers, or simpli-
cial complexes, or something else), we may use some “natural encoding” of
these objects by numbers or bit strings. The notion of computability does not
depend on the choice of the encoding as far as the reencoding functions are
computable.
Definition. A set of natural numbers is decidable if its characteristic (indicator)
function that is 1 on the set and 0 elsewhere, is computable.

Of course, 0 and 1 can be replaced by any other constants, e.g., yes and no
(as we did describing algorithmically undecidable problems).
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Problem 13. Prove that the complement of a decidable set is decidable. Prove
that the union and intersection of two decidable sets are decidable.
Problem 14. Prove that undecidable sets exist. [Hint: there are only countably
many decidable set.]

Here we use that there are countably many algorithms since every pro-
gram in our programming language can be considered as a finite object (say, a
string).

3 Enumerable sets
Recall our first example: the set of diophantine equations that have solution.
As we have said, it is undecidable. But an algorithm can search for the so-
lutions, and if the answer is positive, an algorithm can say yes. On the other
hand, if the answer is negative, the algorithmwill run indefinitely. We say that
this set is semi-decidable. Of course, yes (the only value used) can be replaced
by any other value.

The other (more popular) synonyms for semi-decidable sets: recursively
enumerable, computably enumerable. Wewill say just enumerable (though this
word is sometimes used for countable sets). The definition above can be refor-
mulated as follows:
Definition. A set 𝑋 of natural numbers is enumerable (or semi-decidable) if its
semi-characteristic function that is 0 on 𝑋 and undefined elsewhere, is com-
putable.
Problem 15. Prove that every decidable set is enumerable.
Remark. We can speak about enumerable sets of strings or any other construc-
tive objects.
Problem 16. The Collatz conjecture says that the iterations of the function 𝑓(𝑛)
defined as 𝑛/2 for even 𝑛 and 3𝑛 + 1 for odd 𝑛 always will arrive at 1 when
started from a positive integer. Prove that the set of 𝑛 such that the iterations
arrive at 1 is enumerable. (Of course, if the conjecture is true, then this set
contains all positive integers and is decidable and enumerable. But we do not
know whether the conjecture is true.)

Many other algorithmically undecidable problems (as well as the Diophan-
tine equations) lead to enumerable sets.
Problem 17. Prove that the set of pairs of equal words is enumerable for every
finitely presented semigroup.
Problem 18. Prove that the set of all tilesets that admit a periodic tiling is enu-
merable. Prove the same for tilesets that do not admit a tiling (periodic or not).
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These examples show that there exist enumerable undecidable sets (though
we don’t have proofs yet). For these sets the proofs are somehow difficult, but
wewill prove the existence of an enumerable undecidable set (see below about
the halting problem).
Problem 19. Prove that the intersection of two enumerable sets is enumerable.

This is easy (just a composition with and or any other total function of two
arguments). The following problem is more difficult:
Problem 20. Prove that the union of two enumerable sets is enumerable.

It would be easy if our programming language would allow parallel exe-
cution (one can start in parallel two computation and wait until one of them
terminates). Still it is not a standard feature and may create undesirable non-
determinism (race conditions, etc.). However, one may use instead the possi-
bility of stepwise execution of an algorithm. We assume that our programming
language has the following property:

Stepwise execution. For every algorithm 𝐴 with input 𝑥 there is another
algorithm 𝐴 with two inputs 𝑥 and 𝑛 such that

• 𝐴 produces output for all 𝑥 and 𝑛;

• if 𝐴(𝑥) is undefined, then 𝐴(𝑥, 𝑛) = ∗ for all 𝑛, where ∗ is a special value
that is guaranteed to be different from all values of 𝐴;

• if 𝐴(𝑥) is defined, there exists some 𝑁 such that 𝐴(𝑥, 𝑛) = ∗ for 𝑛 < 𝑁
and 𝐴(𝑥, 𝑛) = 𝐴(𝑥) for 𝑛 ⩾ 𝑁.

Informally, 𝐴(𝑛, 𝑥) is what 𝐴 produces in at most 𝑁 steps (or ∗ if 𝐴 does
not produce any output in 𝑁 steps).

Now for algoritms 𝑈 and 𝑉 that semi-decide sets 𝑋 and 𝑌 , the algorithm

𝑛 = 0
while [𝑈(𝑥, 𝑛) = ∗ and 𝑉(𝑥, 𝑛) = ∗]

𝑛 ← 𝑛 + 1

semidecides 𝑋 ∪ 𝑌 .
Problem 21. Prove that enumerable sets can be equivalently defined as ranges
of computable functions.
Problem 22. Prove that that every non-empty enumerable set is a range of a
total computable function (defined on the entire ℕ).
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This explains the name “enumerable” (total function on ℕ enumerates its
range). For historical reasons (one of the first definitions of computability
was called “partial recursive functions”) people said “recursively enumerable”;
now the name “computably enumerable” became more popular.

To avoid the exceptional case of an empty set in the last problem, one could
add a special value ∗ to natural numbers and say that an enumerable set of
natural numbers is always a range of a total computable function with values
in ℕ ∪ {∗}, with deleted ∗.
Problem 23. Prove that an infinite enumerable set is a range of some injective
total function on ℕ (can be enumerated without repetitions).

Assume the our programming language allows algorithms that do not nec-
essarily terminate after producing an output and may continue to work (and
then output something else, and so on), as most programming languages do.
Then for every algorithm 𝐴 of this type we may consider the set of all objects
that appear on 𝐴’s output. (It can be empty, finite or infinite.)
Problem 24. Prove that sets that can appear in this way are exactly enumerable
sets. [Use stepwise execution assumption for algorithms of the new type.]

Let 𝐴 ⊂ ℕ × ℕ be a set of pairs. Its projection on the first coordinate is
defined as

𝐴𝑥 = {𝑥∶ ∃𝑦 [⟨𝑥, 𝑦⟩ ∈ 𝐴]}
Problem 25. Prove that projection of every enumerable (and therefore every
decidable) set is enumerable. Prove that every enumerable set is a projection
of some decidable set.
Problem 26. (Post’s theorem) Prove that the set 𝐴 ⊂ ℕ is decidable if and only
if both 𝐴 and its complement ℕ ⧵ 𝐴 are enumerable.
Problem 27. Let 𝑋 and 𝑌 be two enumerable sets. Show that there exist two
disjoint enumerable sets 𝑋 ′ and 𝑌 ′ such that 𝑋 ′ ∪ 𝑌 ′ = 𝑋 ∪ 𝑌 .

One can consider more complicated sets, e.g., of the form

{𝑥∶ ∃𝑦∀𝑧 [⟨𝑥, 𝑦, 𝑧⟩ ∈ 𝐴]}

where 𝐴 is some decidable set of triples. One can show that this class if bigger.
It is usually called Σ2 and can be equivalently described as the class of sets that
are “enumerable with halting problem as an oracle”. We hope to return to this
kind of questions later (when discussing the arithmetical hierarchy).

We defined enumerable sets in terms of computable functions; the follow-
ing problem says that one can go in the other direction:
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Problem 28. Prove that a partial function 𝑓∶ ℕ → ℕ is computable if and only
if this function, considered as a subset of ℕ2 (in other words, the graph of the
function) is enumerable.

Post suggested to base computability theory on the notion of enumerable
sets (as sets of objects generated by some calculuses) and then define com-
putability using this characterization.

4 Halting problem
The diagonal construction shows that there exists a set that is not enumerable:
the family of enumerable sets is countable, so it can bewritten as𝑊0,𝑊1,𝑊2, ….
Thenwe construct a set𝑋 that differs fromall𝑊 𝑖 (the point 𝑖 is the pointwhere
they differ):

𝑖 ∈ 𝑋 ⇔ 𝑖 ∉ 𝑊 𝑖.
This line is a definition of 𝑋 and at the same time it explains why 𝑋 is different
from all𝑊 𝑖.

If we look at this construction more closely, we note that the set 𝑋 can be
made co-enumerable, i.e., have enumerable complement. Indeed, computable
functions have programs, and one could (for a reasonable programming lan-
guage) to number all the programs 𝑝0, 𝑝1, … in such a way that there is an in-
terpreter (or universal) algorithm 𝑈(𝑖, 𝑥) that gets 𝑖 and input 𝑥 and simulates
the computation of 𝑝𝑖 on 𝑥. Recall that every enumerable set is a domain of a
function, so the sequence

𝑊 𝑖 = {𝑥 ∶ 𝑈(𝑖, 𝑥) is defined } = domain of 𝑝𝑖

includes all enumerable sets. Our set 𝑋 is then

{𝑖 ∶ 𝑈(𝑖, 𝑖) is undefined}

and its complement is a domain of a computable function 𝑖 ↦ 𝑈(𝑖, 𝑖) (and is
therefore enumerable).
Problem 29. Show that there exists an enumerable undecidable set.

In other words, we proved that the problem “given 𝑖, find out if 𝑖th program
𝑝𝑖 stops on 𝑖 or not” is algorithmically undecidable.
Problem 30. Assume now that programs are strings and their inputs are strings.
How do we prove that the problem “find out whether program 𝑝 stops on its
own text 𝑝 as input” is algorithmically undecidable?
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Problem 31. Assume that some program 𝑡, being applied to an arbitrary string
𝑝, returns 1 if 𝑝 (considered as a program with input) terminates on its own
text 𝑝 as input, and 0 otherwise. Will the program
def 𝑑(𝑝) ∶
if 𝑡(𝑝) == 1:
loop forever

terminate on its own text?
Of course, more general problem “given 𝑝 and 𝑥, find out if program 𝑝

stops on input 𝑥” is undecidable (even an algorithm for the special case 𝑝 = 𝑥
does not exist). But what about the problem “given 𝑝, find out if program 𝑝
stops on input 0” when some input is fixed and only program varies? A similar
questionmay be asked for programs that have no input: given such a program,
find out if it terminates or not.

5 Reductions
In general, the idea of reducibility is trivial. We know that some problem 𝐴 is
undecidable. How can we prove that some other problem 𝐵 is undecidable?
We show that 𝐴 can be reduced to 𝐵: if 𝐵 were decidable, than𝐴would be decid-
able, too.

Physicists know this kind of argument: if something were possible (e.g.,
one could construct a refrigerator that cools the interior without heating the
room), then some other thing (an perpetuum mobile) would be possible.

Let us see how this arguments works for the problem we mentioned.
Problem 32. Assume that there exists an algorithm that decides whether a pro-
gram terminates on some fixed input (e.g., 0). How can we use this algorithm
to find out whether a given program terminates when applied to an arbitrary
input?

For a typical programming language this is easy. If we have some program
𝑝 andwewant to knowwhether it terminates on some input 𝑥, we can add 𝑥 as
a “compiled-in” constant in 𝑝 and use instead of the input. Then the behavior
of this new program on any input (that is not used) is exactly the same as the
behavior of 𝑝 on input 𝑥, and we can apply our hypothetical “0-input decision
algorithm” for general halting problem.

Let us try to formulate this approach in a more general form.
Definition. Let 𝑓∶ ℕ → ℕ be a total computable function, and𝐴 and 𝐵 are two
sets. We say that 𝑓 𝑚-reduces 𝐴 to 𝐵 if

𝑛 ∈ 𝐴 ⇔ 𝑓(𝑛) ∈ 𝐵
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for every 𝑛 ∈ ℕ. We say that 𝐴 ⊂ ℕ is 𝑚-reducible to 𝐵 ⊂ ℕ if there exists a
total computable 𝑓∶ ℕ → ℕ that reduces 𝐴 to 𝐵. (Notation: 𝐴 ⩽𝑚 𝐵)

The historical reasons for the letter “m” in the name are a bit strange, and
now the simple mnemonic rule (suggested by Sipser) is that𝑚 is formapping
reducibility (and 𝑓 is this mapping).

The reducibility argument above now can be summarized as follows:
Problem 33. Show that if 𝐴 is 𝑚-reducible to some decidable set 𝐵, then 𝐴 is
decidable. Show that if some undecidable set 𝐴 is 𝑚-reducible to 𝐵, then 𝐵 is
undecidable.
Problem 34. Let 𝐴 be decidable. Describe the sets 𝐵 such that 𝐴 ⩽𝑚 𝐵. De-
scribe the sets 𝐵 such that 𝐵 ⩽𝑚 𝐴.
Problem 35. Assume that 𝐴 ⩽𝑚 𝐵 and 𝐵 is enumerable. Does it imply that 𝐴
is enumerable? What if 𝐴 ⩽𝑚 𝐵 and 𝐵 is not enumerable — can we conclude
that 𝐴 is not enumerable?
Problem 36. Prove that every enumerable set 𝐴 is reducible to the set 𝐴 of halt-
ing programs.
Problem 37. Prove that the set of programs that terminate on every input is not
enumerable. Prove that its complement, i.e., the set of programs that do not
terminate on some input, is not enumerable either.

This problem shows that there are “more complicated” sets that are neither
enumerable nor co-enumerable. To solve it using reductions, we need to con-
struct two computable transformations of programs (say, without input). The
first (call it 𝑓) should have the following property:

𝑝 terminates⇔ 𝑓(𝑝) terminates on all inputs

It is easy: just let 𝑓(𝑝) behave like 𝑝 but have a dummy input parameter that
is not used.

The second (call it 𝑔) should have the following property:

𝑝 terminates⇔ 𝑓(𝑝) does not terminate on some input

For that we need step-wise execution: the program 𝑔(𝑝) on input 𝑛 simulates
𝑛 steps of computation of program 𝑝, if 𝑝 terminates after at most 𝑛 steps, then
program 𝑔(𝑝) goes into an infinite loop, otherwise 𝑔(𝑝) terminates.
Problem 38. Two programs (with input) 𝑓, 𝑔 are equivalent if they compute the
same function (may be, with different computation time). Prove that there is
no algorithm that, given two programs, decides whether they are equivalent
or not.

12



The following result (Rice, Uspensky) goes back to 1950s:
Problem 39. Let 𝛼 be some non-trivial property of computable function (i.e.,
some, but not all, computable functions have property 𝛼). Prove that the set 𝐴
of all programs such that they compute functions with property 𝛼 is undecid-
able. [Prove that either halting problem or its complement is 𝑚-reducible to
𝐴.]

As we discussed,𝑚-reducibility gives us a way to prove undecidability of a
set𝑋 : prove that halting problem𝐻 (the set of halting programs) is𝑚-reducible
to 𝑋 . Is this result universal?
Problem 40. Prove that exists a undecidable set 𝑋 such that 𝐻 is not 𝑚-
reducible to 𝑋 . [In fact, it is quite easy: one can let 𝑋 be the complement
of 𝐻.]

The following stronger (and much more difficult) result was proven by
Post:
Problem 41. Prove that there exists an enumerable undecidable set 𝑋 such that
𝐻 is not𝑚-reducible to 𝑋 .

6 Universal functions and numberings
We spoke about programming languages and now want to treat them more
formally.

Universal functions as formal counterparts of programming languages
Numberings.
Reduction/translation
Gödel numberings/universal functions

7 More diagonalization
Computable function without computable total extension

Domain is undecidable
Computable function with two values and no computable total extension.
Enumerable inseparable sets
Fixed-point theorem from diagonalization
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8 Computable and semicomputable numbers

9 Kolmogorov complexity

10 Oracle computations
Oracle machines, Turing reducibility, 0′-computability and limit computabil-
ity. 0′-enumerability and Σ2.
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