
MATH IN MOSCOW COMBINATORICS

LECTURE 3. CATALAN NUMBERS.

1. Definitions of Catalan numbers

Definition 1.1. Let Pn+2 denote a convex polygon in the plane with n+2 vertices. A triangulation
of Pn+2 is a set of n− 1 diagonals of Pn+2 which do not cross in their interiors. It follows easily
that these diagonals partition the interior of Pn+2 into n triangles. Define the nth Catalan number
Cn to be the number of triangulations of Pn+2. Set C0 = 1.

In the previous lecture we discusses linear recurrent relations. In this case we meet a non-linear
recurrent relation.

Proposition 1.2. The following relations hold for Catalan numbers

Cn+1 =
n∑

k=0

CkCn−k, C0 = 1. (1.1)

Those relations allow us to find the closed formula for the generating function.

Proposition 1.3. Denote by C(x) the generating function of the Catalan numbers

C(x) =
∞∑
n=0

Cnx
n. (1.2)

Then we get

C(x) =
1−

√
1− 4x

2x
. (1.3)

The formula for the generating function seems to be the simplest way to obtain a closed formula
for the nth Catalan number.

Proposition 1.4. We get

Cn =

(
2n
n

)
n+ 1

(1.4)

Now let us consider other possible ways to define Catalan numbers.

Exercise 1.5. A binary tree is defined recursively as follows. The empty set is a binary tree.
Otherwise a binary tree has a root vertex v, a left subtree T1, and a right subtree T2, both of which
are binary trees. Show that the number of binary trees with n vertices equals Cn.

Exercise 1.6. There are 2n voters who vote sequentially for one of the two candidates A or B.
At the end each candidate receives n votes. Show that the number of sequences such that A never
trails B in the voting and both candidates receive n votes is equal to Cn.
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Exercise 1.7. A parenthesization or bracketing of a string of n + 1 x’s consists of the insertion
of n left parentheses and n right parentheses that define n binary operations on the string. An
example for n = 6 is (((xx)x)((xx)(xx))). In general we can omit the leftmost and rightmost
parentheses without loss of information. Show that the number of bracketing of a string of n + 1
x’s equals Cn.

Exercise 1.8. A Dyck path of length 2n is a path in Z2 from (0, 0) to (2n, 0) with steps (1, 1) and
(1,−1), with the additional condition that the path never passes below the x-axis. Show that the
number of Dyck path of length 2n equals Cn.

Exercise 1.9. Consider the noncrossing complete matchings on 2n vertices, i.e., ways of connect-
ing 2n points in the plane lying on a horizontal line by n nonintersecting arcs, each arc connecting
two of the points and lying above the points. Show that the number of the noncrossing complete
matchings on 2n vertices equals Cn.

Exercise 1.10. Consider the set of sequences

{1 ≤ a1 ≤ . . . an | ai ∈ Z, ai ≤ i, ∀1 ≤ i ≤ n}. (1.5)

Show that the number of elements in that set equals Cn.

Exercise 1.11. Show that the number of conjugacy classes of elements A ∈ GL(n,C) such that
det(A) = 1, An+1 = Id equals Cn.

Exercise 1.12. Assume that the numbers Dn are given by relations

D1 = 1, Dn =
n−1∑
j=1

DjDn−j, ∀n ≥ 2 (1.6)

Express Dn using Catalan numbers.

Chapters from the textbooks relevant for the lecture:

• Stanley v.2, ch.6, exercises
• Lando 2.5.
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