
Complex analysis

A course of complex analysis is a must for everyone wishing to study
advanced mathematics. Besides, complex analysis is fun.

Prerequisites

The only prerequisite to our course is a good command of “ordinary” analysis.
If you feel at home with uniform convergence and with the notions of open,
closed, and compact subsets of the palne, this is enough.

Grading

The formula for the final grade is

G = 0.3 · H + 0.3 · M + 0.4 · F,

where H is the grade for homework, M is the grade for the midterm exam,
and F is the grade for the final exam.

Home assignments are offered and graded weekly.

The syllabus

1 Derivatives and integrals in the complex plane

Derivatives of functions of the complex variable. Holomorphic functions.
Line integrals. Index of a closed path with resect to a point.

2 Elementary functions of the complex variable

The exponential function and its properties. Construction of holomorphic
functions via power series. Sine and cosine of the complex variable. Loga-
rithm in the complex plane. Geometric properties of elementary functions.
Linear fractional mappings. Practicing conformal mappings.

3 The Cauchy package

Three versions of Cauchy’s theorem: for the triangle, for convex domains,
the “homological” version (a meta-theorem).

Cauchy’s formula. Its applications: analyticity of holomorphic functions,
infinite differentiability, termwise differentiability. Application: analytic con-
tinuation principle.
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4 Laurent series and isolated singularities

Expansion of a function that is holomorphic in an annulus. Classification of
isolated singularities: Riemann’s removable singularity theorem, poles and
zeroes, essential singularities and Casorati–Weierstrass. Application: Liou-
ville’s theorem and a characterization of polynomials.

5 Analytic continuation

Analytic continuation along a path: definition, uniqueness if exists.
Homotopy of paths. The fourth version of Cauchy’s theorem. The mon-

odromy theorem.

6 Residues

Definition of residues. Residues and the evaluation of integrals. Logarithmic
residues. Two versions of the argument principle and Rouché’s theorem.

7 Local properties of holomorphic functions

The open mapping theorem. Ramification. The maximum modulus principle
and its consequences. Automorphisms of classical domains.

8 Conformal mappings

The reflection principle. Mapping the upper half-plane onto a rectangle (and
some other polygons) and examples of elliptic functions. Carathéodory’s
theorem on boundary correspondence for conformal and (if time permits)
quasiconformal mappings. The Riemann mapping theorem. The Schwarz–
Christoffel formula.

9 Extras

If time permits, we may discuss elliptic functions, or compact Riemann sur-
faces (including those corresponding to algebraic equations). If we are really
optimistic, we may even have time for both these closely related themes.
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