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Real Functions.

Real functions are just maps from some set to the real numbers.
They appears in (conjectural) description of the Nature, and this
motivates reasonable restrictions on such functions. The example
of the Nature: a rat in a tunnel.
Conjecture 1: one can describes the position of the rat as real
quantity of steps from entrance to tunnel.
Conjecture 2: one can describes the time of rat as real quantity of
heartbeats.
Then we can realise a movement of rat (which is a map from the
set of the time moments to locations in the tunnel) as a real
function on the real numbers.
In this framework we can restrict the class of the functions by
property of moving without "jumps". The formal definition of the
function continuous at the point x0 (for any ε there is a δ such that
if |x − x0| < δ then f (x)− f (x0)| < ε) does not look as prohibition
of jump at this point x0.



Oscillation.

For motivation this relation it is useful to split the definition of the
continuous function.
Definition 1. The oscillation of a function on an interval (a, b) is the
upper bound of absolute values of differences of values of function.
Definition 2. The oscillation of a function at a point x is the lower
bound of oscillations on containing this point intervals.
The definition of continuous function can be rewritten as
Definition A function is continuous at a point if the oscillation of
this function at this point vanishes.
The usual definition of continuity is a concatenation of the
Definition 1 and the Definition 2



Functions in Two Variables

It is rather natural to study generalisation of the notion on
continuous function to the function of two real variables. For
defining continuous at (x0, y0) function f (x , y) we shall change in
the definition of continuity for function in one variable only the part
which contains an estimate of arguments depending in δ. The first
idea is to put |x − x0| < δ and |y − y0| < δ. Another possibility is
|x − x0|+ |y − y0| < δ. At the other hand one can interpret x , y as
the coordinate on a plane and use the distance on the plane (by the
Pythagorean theorem =

√
|x − x0|2 + |y − y0|2):√

|y − x0|2 + |y − x0|2 < δ
So we have three a priori different definitions, but all they are
equivalent due to the following figure.



Open sets.

Hence one can expect that there is some structure which controls
continuity of functions.
Let us analyse condition on a continuous function F (= function
which is continuous at all points). One has: if z0 belongs to the
image of F (z0 = F (x0) then preimage of the interval
(z0 − ε, z0 + ε) contains the interval (x0 − δ, x0 + δ). So, the sets
which contain some interval together with its center are important
for theory of continuous functions. This speculation motivate
Definition a subset ⊂ R of real numbers is open if for
∀x ∈ X∃δ > 0 such that (x − δ, x + δ) ⊂ X .
Then the definition of continuous function can be reformulated as
Definition A function is continuous if preimage of any open set is
open.



Topological Spaces.

The next step of abstraction is passing to the set 0f all open
subsets of open subsets of R as some structure by which real
numbers are equipped. We analyse basic properties of this structure
and declare this properties as axioms of some new object.
Denote by O the set of all open subsets of R. Then
1. The empty set ∅ and all R belong to O.
2. Any arbitrary (finite or infinite) union of members of O

belongs to O.
3. The intersection of any finite number of members of O

belongs to O.
Definition A topological space is a pair (X , τ), where X is a set and
τ is a collection of subsets of X satisfying the axioms (1)-(3) above.
he elements of τ are called open sets and the collection τ is called
a topology on X .



Example.

Let X = R2 = R× R Then we can define three topologies on it τ�
and τ◦ τ�.
I U ∈ τ� if for any (x0, y0) ∈ U∃δ such that if |x − x0| < δ and
|y − y0| < δ then (x , y) ∈ U.

I U ∈ τ�: if for any (x0, y0) ∈ U∃δ such that if
|x − x0|+ |y − y0| < δ then (x , y) ∈ U.

I U ∈ τ◦ if for any (x0, y0) ∈ U∃δ such that if√
|x − x0|2 + |y − y0|2 < δ (x , y) ∈ U.

The speculation and the figure in slide defotrd to functions in two
variables show that these three topologies coincide.


