
Lecture 2

The Arithmetic of Knots

In this lecture, we introduce a composition operation (called
connected sum) in the set of (equivalence classes of) knots and
study the algebraic structure thereby obtained. In order to do
that, we shall put knots into boxes.

2.1. Boxed knots and their connected sum

By definition, a boxed knot is a non-self-intersecting polygonal
curve in a cube (or a in rectangular parallelipipedon) joininig
the centers of two of its opposite faces. Boxed knots are oriented
(from left to right in the figures). Two boxed knots are called
equivalent (or ambient isotopic) if there exists a finite sequence
of ∆-moves (see Sec. 1.2) performed inside the cube and taking
one curve to the other.
The composition or connected sum of two knots K1 and K2,

denoted by K1#K2, is obtained by joining the doxes containing
them as shown in Fig. 2.1.

Figure 2.1. Connected sum of two knots

Our immediate aim is to investigate the algebraic structure of
the set of equivalence classes of knots K w.r.t. the connected
sum operation #, which turns out to be surprisingly similar the
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multiplication of natural numbers, with the unknot © playing
the role of the unit 1.

2.2. The semigroup of knots

The connected sum operations is obviously well defined on
equivalence classes of boxed knots and possesses the two following
important properties:
I. The connected sum operation is associative and commutative:

K1#K2 = K2#K1,
(
K1#K2

)
#K3 = K1#

(
K2#K3

)
.

II. There are no inverse elements under the connected sum
operation, i.e., K#K ′ =© =⇒ K = K ′ =©.

Associativity is obvious, the proof of commutativity is shown
in Fig.2.2 for a concrete example, but the construction is clearly
general.

Figure 2.2. Commutativity of the connected sum operation

The proof of assertion II, which is similar to the following
“proof” of the “equality” 1 = 0,

1 = 1 + 0 + 0 + 0 + · · · = 1 + (1− 1) + (1− 1) + (1− 1) + . . .

= 1 + (−1 + 1) + (−1 + 1) + (−1 + 1) + . . .

= (1− 1) + (1− 1) + (1− 1) + · · · = 0 + 0 + 0 + · · · = 0,
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is sketched in Fig. 2.3.
Geometrically (or rather physically), assertion II means that if

you have a non-trivial knot tied at one end of a rope, then it is
impossible to tie another knot at the other end so that when you
pull the two ends apart the two knots would cancel each other.
In particular, if you tie a right trefoil at one end of a rope and a
left trefoil at the other end, you get a granny knot, which is not
trivial by Exercise 1.9.

KK =

K K#K̄ K#K̄ . . .=

K K̄#K K̄#K . . .=

K#K̄ K#K̄ K#K̄ . . .=

= = 0

Figure 2.3. Nonexistence of inverse knots

Unlike the above “proof” of one equaling zero, the proof of
statement II can be made rigorous by using a different definition
of knot equivalence, but we will omit that definition and the
details of the proof.
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2.3. Ordinary knots vs. boxed knots

Before we continue the study of the algebraic structure of (K,#),
let us compare knots regarded as closed curves (i.e., knot theory
as developed in Lecture 1) to the theory boxed knots. Fortunately,
the two notions turn out to yield the same theory – this follows
from the next statement.

Proposition 2.1 There is a canonical bijection between the
equivalence classes of boxed knots and the equivalence classes
of oriented knots (as defined in 1.1).

Sketch of the proof. To any concrete boxed map we assign
an oriented knot by joining the endpoints of the boxed knot by
a polygonal non-self-intersecting curve lying outside the box in
the vertical plane containing the endpoints. It is obvious that
this assigment is well defined on equivalence classes, and it is
also obvious that it is surjective. The rigorous proof of injectivity
involves some delicate results on the topology ofR3 and is omitted.

The canonical bijection carries over to ordinary knots all the
structures that we have considered for boxed knots, in particular
the connected sum operation. The latter can be defined directly
for ordinary knots – how this is done is shown in Fig.2.4.

K1 K2, K1#K2⇒

Figure 2.4. Connected sum of ordinary knots
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We have avoided that definition because it is rather difficult to
prove that it does not depend on the choice of representatives in
the equivalence classes of the given knots.

2.3. Decomposition into prime knots

A nontrivial boxed knot is called prime if it cannot be presented
as the sum of two nontrivial knots, i.e.,

K = K1#K2 =⇒ K1 =© or K2 =©.

If a knot is not prime, we say that it is a composite. An example
of a composite knot is shown in Fig. 2.3. The reader is invited to
decompose this knot into (three) prime knots (Exercise 2.1)

Figure 2.5. A composite knot

The main result of this lecture if the following

Theorem 2.1. Equivalence classes of knots w.r.t. the connected
sum operation form a commutative semigroup

(
K,#

)
with unique

(up to order) decomposition into prime knots, i.e.,

K ∈ K, K 6=© =⇒ ∃!{P1, . . . , Pn} : K = P1# . . .#Pn,

where the Pi are prime knots.
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The proof of the second part of this theorem (concerning prime
knot decomposition) lies outside the framework of this course.
The existence of finite prime sum decomposition of any knot
is proved by using properties of the fundamental group of the
complement of the knot. The proof of uniqueness (up to order)
was obtained in 1948 by Horst Schubert, and it involves some
delicate three-dimensional topology.

2.5. Some remarks about unknotting

When analysing Reidemeister moves, we may notice that some
of them decrease the number of crossing points of the given
knot diagrams, and this leads to the idea that by using such
Reidemeister moves, one can obtain a simple unknotting algorithm:
apply such moves until all the crossing points disappear – then the
knot is trivial, but if at some stage no such moves are possible,
declare that the knot is nontrivial. However, this idea doesn’t
work: there exist knot diagrams representing the trivial knot
that require using Reidemeister moves that increase the number
of crossing points. Such an example is shown in Fig. 2.5. Its
justification is the subject of Exercise 2.3.

Figure 2.5. A clever unknot
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This example is the manifestation of a fundamental principle of
combinatorics and of the philosophy of everyday life. In combina-
torics, the principle says that “greedy algorithms” (which aim
at solving problems by performing local simplifications at each
step) don’t always work. In real life, in order to simplify a given
problem situation, it is sometimes necessary to first make it more
complicated, and only then can one solve the problem.

2.6. Exercises
2.1. Represent the composite knot in Fig. 2.3 as the composition
of prime knots placed in boxes.
2.2. Draw a knot diagram of a composite knot which is the sum
of two prime knots each with 5 crossings or less so that it is not
easy to identify those two prime knots.
2.3. Show, using Reidemeister moves, that the knot in Fig. 2.5 is
indeed the unknot, and verify that no Reidemeister moves that
decrease the number of crossings can be applied to it.
2.4. Give an example substancially different from the knot in
Fig.2.5 which cannot be unknotted by Reidemeister moves that
do never increase the number of crossing points.
2.5. We know that reversing the orientation of one component of
the Hopf link changes the sign of its Conway polynomial. Is this
true for all nontrivial two-component links? Hint: Compute the
Conway polynomial of the four links pictured below.
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2.6. The calculations of Exercise 2.5 show that by simultaneously
taking the mirror image and reversing the orientation of one
component of a nontrivial two-component link we change the
sign of its Conway polynomial. Is this true for all nontrivial two-
component links?
2.7. Compute the Conway polynomial of the connected sum of

the right trefoil and the eight knot.
2.8*. Compare the result of calculating the Conway polynomial

of the granny knot (Exercise 1.7) and that of the knot in Exercise
1.14. Formulate a conjecture about the Conway polynomial of the
connected sum of knots. Prove or disprove this conjecture.


