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• If there are errors in the problems, please fix reasonably and solve

them.

• Send your solutions to Takebe by 13:00 UTC on 15 March 2021.

• The final evaluation for the exercise classes at the end of the semester

will be computed as follows:

(your final mark)

= min

{
integer part of

(total points you get)× 15

total possible points
, 10

}

13.
Recall the Ascoli-Arzelà theorem: Assume that a sequence {fn(t)}n
of continuous functions on [a, b] is

1. uniformly bounded : ∃K such that |fn(t)| ≤ K (∀n, ∀t ∈ [a, b]).

2. uniformly equicontinuous : ∀ε > 0 ∃δ > 0 such that

|s− t| < δ ⇒ |fn(s)− fn(t)| < ε, ∀n, ∀s, t ∈ [a, b].

Then there exists a subsequence {fnk
(t)}k which converges uniformly

on [a, b].

(i) (1 pt.) Give an example of {fn(t)}n which is uniformly equicontin-

uous but is not uniformly bounded and does not have a uniformly con-

vergent subsequence. (Hint: The condition “uniformly equicontinuous”

is satisfied by a family of ‘very trivial’ functions.)
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(ii) (1 pt.) Give an example of {fn(t)}n which is uniformly bounded

but is not uniformly equicontinuous and does not have a uniformly con-

vergent subsequence. (Hint: A certain well-known sequence of continuous

functions on [0, 1] which converges pointwise but not uniformly gives an

answer to this problem.)

14.
(1 pt.) Check the following statement in the lecture: Assume that

φ(t) is a solution of an integral equation

φ(t) = ξ +

∫ t

t0

f(s, φ(s)) ds

on [t0, T ) and that lim
t→T

φ(t) = η.

Assume also that φ̃(t) is a solution of an integral equation

φ̃(t) = η +

∫ t

T

f(s, φ̃(s)) ds

on (T − δ, T + δ) for some δ > 0. Then the extension of φ by φ̃,

φ(t) :=

{
φ(t) t < T,

φ̃(t) T ≤ t < t+ δ,

satisfies the first integral equation above on [t0, T + δ).

2


