
Ordinary Differential Equations

Takashi Takebe

22 February 2021

• If there are errors in the problems, please fix reasonably and solve

them.

• Send your solutions to Takebe by 13:00 UTC on 22 February 2021.

• The final evaluation for the exercise classes at the end of the semester

will be computed as follows:

(your final mark)

= min

{
integer part of

(total points you get)× 15

total possible points
, 10

}

3.
Show that Φ(x, y) = xγe−δxyαe−βy is a conserved quantity of the

Lotka-Volterra equations:

dx

dt
= αx− β x y,

dy

dt
= −γ y + δ x y.

(Hint: Compute
d

dt
Φ(x(t), y(t)).)

4.
The following system of ODE’s for (x, y) = (x(t), y(t)) is called the

competitive Lotka-Volterra equations :

dx

dt
= r1 x(1− αx− β y),

dy

dt
= r2 y(1− γ x− δ y).
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This is a hybrid of the logistic equation (β = γ = 0) and the Lotka-

Volterra equations (α = δ = 0). For simplicity we assume r1 = r2 = r,

β = γ = 1, α > 1, δ > 1:

dx

dt
= r x(1− αx− y),

dy

dt
= r y(1− x− δ y).

(i) (1 pt.) Find all fixed points of the vector field (namely, equillibrium

points) in D = {(x, y) | x ≥ 0, y ≥ 0}.
(ii) (1 pt.) Two lines 1−αx− y = 0 and 1− x− δ y = 0 divide the set

D into four domains. Check the signs of the components of the vector(
x′(t)

y′(t)

)
in each of those four domains and draw approximate directions

of the vector field. What can we say (roughly) about the long-time be-

haviour of the solution ( lim
t→∞

(x(t), y(t))) from this picture?

5.
As we discussed in the lecture, the one-dimensional wave equation

is reduced to ODE’s,

d2

dx2
X(x) = AX(x),

d2

dt2
T (t) = c2AT (t),

if we assume the separated form of the solution u(x, t) = X(x)T (t).

We solved the equation for X(x), assuming the Dirichlet condition

u(t, 0) = u(t, L) = 0 and obtained the solutions X(x) = α sin(ωx), where

ω =
nπ

L
(n ∈ Z) and α is an arbitrary constant.

(i) (1 pt.) Prove that there is no non-zero solution satisfying the Dirich-

let condition when A = 0. (Hint: What functions satisfy
d2X

dx2
= 0? Show

that among those functions onlyX(x) ≡ 0 satisfy the Dirichlet condition.)

(ii) (1 pt.) Solve the equation for X(t), assuming the Neumann condi-

tion
∂u

∂x
(t, 0) =

∂u

∂x
(t, L) = 0.
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