
Ordinary Differential Equations

Takashi Takebe

29 April 2021

• If there are errors in the problems, please fix reasonably and solve

them.

• Send your solutions to Takebe by 13:00 UTC on 29 April 2021.

• The final evaluation for the exercise classes at the end of the semester

will be computed as follows:

(your final mark)

= min

{
integer part of

(total points you get)× 15

total possible points
, 10

}
26 (i), (ii), 27 and 28 are the remainders of the last session.

26.
(i) (1 pt.) Prove the following properties of the exponential function

of a matrix.

d

dt
exp(tA) = A exp(tA), exp(0) = 1, exp(−A) = (exp(A))−1,

and, for an invertible matrix P , P exp(A)P−1 = exp(PAP−1).

(ii) (1 pt.) Prove that, if AB = BA, exp(A) exp(B) = exp(A+B).

27.
Prove the following properties of the spectral projections which are

defined in the lecture: PiPj = 0 (i ̸= j), P 2
i = Pi.

(Hint: The second property follows from the first one and P1+· · ·+Pk =

1. The first one is a consequence of the Cayley-Hamilton theorem.)

28. Show the following formulae for the convolution.
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(i) (1 pt.) f ∗ (g ∗ h) = (f ∗ g) ∗ h.

(ii) (1 pt.) When α ̸= β, eαt ∗ eβt = eαt − eβt

α− β
.

(iii) (1 pt.) eαt ∗
(
tk

k!
eαt

)
=

tk+1

(k + 1)!
eαt.

29. Let X(t) be a fundamental matrix of the equation
dx

dt
= A(t)x.

(i) (1 pt.) Show that
d

dt
X(t)−1 = −X(t)−1A(t). (Hint: Differentiate

X(t)X(t)−1 = 1.)

(ii) (1 pt.) Show that T (t, s) = X(t)X(s)−1 does not depend the choice

of the fundamental matrix X(t). Namely, if X̃(t) is another fundamental

matrix, X(t)X(s)−1 = X̃(t) X̃(s)−1. (Hint: How should X̃(t)−1X(t)

depend on t?)

(iii) (1 pt.) Let x = φ(t) be a solution of
dx

dt
= A(t)x. Show that

x(t) = T (t, s)x(s). (Hint: Use the uniqueness of the solution of an initial

value problem.)

30.
(1 pt.) As in the lecture, we define the norm of an n × n-matrix

A = (Aij)i,j=1,...,n by max
j=1,...,n

n∑
i=1

|Aij|. Show that for a vector x ∈ Rn

||Ax|| ≤ ||A|| ||x||,

where ||y|| :=
n∑

i=1

|yi| for y =

y1
...

yn

. (Hint: This is a bonus problem,

since it is essentially the same as the problem 25 (ii).)
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